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STUDENTS’ CONCEPTIONS OF MATHEMATICS AND THE TRANSITION
FROM A STANDARDS-BASED REFORM CURRICULUM
TO COLLEGE MATHEMATICS
Rebecca K. Walker, Ph.D.
Western Michigan University, 1999
Students’ conceptions of mathematics are shaped by the environment within
which they learn mathematics and in turn they affect the manner in which students
engage in mathematics.
This study examined students’ conceptions about learning, knowing, and
doing mathematics after studying four years of a Standards-based reform high school
mathematics curriculum developed by the Core-Plus Mathematics Project (CPMP).
Student conceptions were examined at the end of high school (n = 2S6) and after one
semester of college mathematics (n = 92). The study also provides case studies of six
students as they navigated from the CPMP curriculum through college Precalculus or
Calculus.
The Conceptions of Mathematics Inventory (Grouws, Howald, & Colangelo,
1996), a 56-item likert-scale survey, was used to measure student conceptions. Upon
graduation from high school the students believed that mathematical concepts,
principles, and generalizations were slightly more important than facts, formulas, and
algorithms. They believed that mathematics was a coherent and dynamic field, that
learning mathematics was more about constructing understanding than memorizing,
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that doing mathematics was more about making sense out of situations than just
solving problems, and that mathematics was useful. Paired t-tests indicated that all
but two o f these conceptions were stable. After one semester of college mathematics,
there was a statistically significant change in students’ beliefs about the composition
of mathematical knowledge, with facts, formulas, and algorithms becoming more
important, and in students’ beliefs about the usefulness of mathematics, with students
seeing less use for mathematics.
Case studies of the experiences and thinking of six students, from five
different high schools, were conducted and provide rich descriptions about the
transition from the CPMP curriculum through the first semester of college
mathematics. Using interviews, problem-solving sessions, classroom observations,
and written assessments, the students’ conceptions and experiences were analyzed.
The problem-solving sessions allowed for insight into how each student’s conceptions
were reflected in mathematical situations. Among the six students a variety of
conceptions about learning, knowing, and doing mathematics were exhibited. In
addition, the case studies indicate that none of the six students had difficulty making
the transition from the CPMP Standards-based curriculum to college mathematics.
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CHAPTER I
INTRODUCTION
A Call for Reform
Over the past ten years there has been a mandate to change what happens in
mathematics classrooms in the United States. Poor achievement results on several
administrations of the National Assessments of Educational Progress (Dossey, Mullis,
Lindquist, & Chambers, 1988) and on the Second International Mathematics Study
(Crosswhite, Dossey, Swafford, McKnight, & Cooney, 1985) raised concern about
mathematics education in this country. In 1989, the National Research Council’s
report Everybody Counts, called attention to the large number of students in this
country who never become mathematically literate. These poor achievement results
are further supported by the results of the more recent NAEP (Kenney & Silver,
1997) and most recently by the Third International Mathematics and Science Study
(TIMSS) (Schmidt et al., 1998). In all of these standardized testing situations the
results indicated that high school student achievement in mathematics is not as strong
as many educators, policy makers, and parents would like it to be.
Shortly after the publication of Everybody Counts, the National Council of
Teachers of Mathematics (NCTM) published the Curriculum and Evaluation
Standardsfor School Mathematics (1989) followed by the Professional Standardsfo r

I
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2
Teaching Mathematics (1991). These two documents laid out a coherent vision for
mathematics and mathematics instruction for all students. They called for increased
emphasis on understanding, problem solving, and reasoning in mathematics for all
students; for developing the ability of all students to communicate their mathematical
thinking; and for getting all students to value mathematics and become confident in
their ability to do mathematics (NCTM, 1989). In laying out these new emphases, the
NCTM called for all mathematics educators to reassess what was valued in
mathematics education and to change the focus in the mathematics classroom from
one being primarily concerned with procedural skill to one that tries to enable all
students to value mathematics, to think mathematically, and to communicate about
mathematics.
The Connection Between Conceptions of Mathematics and Learning Mathematics
The NAEP study (Kenney & Silver, 1997) looked at more than just student
achievement. It also gathered data about students’ beliefs and feelings about
mathematics. Since the performance of most intellectual tasks occurs within both the
cognitive and affective realms, it is important to try to understand student actions in
both of these domains (McLeod, 1992). The NAEP data indicated that although most
United States high school students believe that mathematics is important, they also
believe that it is difficult and involves mainly the memorizing of facts (Kenney &
Silver, 1997). Conceptions such as these are largely cognitive in nature and develop
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over a long period of time. They change very slowly and only with repeated exposure
to different situations (McLeod, 1992).
Much research (e.g. Grouws, Howald, & Colangelo, 1996; Oaks, 1987;
Schoenfeld, 1985; Silver, 1985) suggests that conceptions about mathematics, such as
those evident in the NAEP data, influence how students approach mathematical
situations. Thus students’ conceptions of mathematics are both a product of their
mathematical experiences and a determiner of how they interact with mathematics.
Because of this interdependence between students’ conceptions of mathematics and
their actions in mathematical situations, it may be necessary to change the learning
environment in order to change the conceptions about mathematics and the ways in
which students interact with mathematics.
If one hopes for students to achieve the goals specified here - in particular, to
develop the appropriate mathematical habits and dispositions of interpretation
and sense-making as well as the appropriately mathematical modes of thought
- then the communities of practice in which they learn mathematics must
reflect and support those ways of thinking. That is, classrooms must be
communities in which mathematical sense-making, of the kind we hope to
have students develop, is practiced. (Schoenfeld, 1992 p. 345)
Schoenfeld is joined by McLeod (McLeod, 1992) in this belief that in order to
change the ways in which students think about mathematics and act in mathematical
situations, there must be a change in the learning environment. “There is nothing
wrong with students’ mechanism for developing mathematics, what needs to be
changed is the curriculum (and beyond that the culture) that encourages such beliefs”
(p. 579).
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Changing the Learning Environment
Designing educational environments that successfully promote mathematical
understanding is a difficult task. It is widely accepted that mathematics has lacked an
invitation to student involvement in the learning process (Romberg, 1988).
Mathematics teaching has generally ignored the importance of the regular, active
participation of the students in the classroom and has often been focused on getting
students to memorize or imitate what is done by the teacher (Crosswhite et al., 198S;
Weiss, 1994). Resnick (1987) indicates that this modeling of mathematical
procedures and thinking has not produced powerful mathematics students.
Furthermore she claims that even watching more skilled thinkers perform will not be
very helpful in improving students’ mathematical thinking.
Meeting the calls for reform has necessitated a search for ways to help
students construct mathematical meaning for themselves and in that process develop a
deeper understanding of mathematics. Increasing student collaboration (Noddings,
1985; Schoenfeld, 1989), communication (Silver, 1996) and reflection (Hiebert &
Carpenter, 1992) in the classroom, developing mathematics out of contextual
situations (Brown, Collins, & Duguid, 1989) and increasing the problem solving
nature of mathematics students’ experiences (Hiebert et al., 1996) are all being used
in attempts to help students better understand both mathematics and the nature of
mathematical reasoning.
In response to the already mentioned national and international test results and
the NCTM Standards documents (1989; 1991), the National Science Foundation
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(NSF) funded the development of several school mathematics curricula that would be
in line with the vision of mathematics laid out in the NCTM documents. The
curricula developed as a result of this funding are changing what is happening in
many mathematics classrooms across the United States. Students at the K-12 levels
are experiencing mathematics in new ways. Using these curricula, the students are
forming learning communities in which they engage in doing mathematics themselves
rather than watching mathematics being done (Alper, Fendel, Fraser, & Resek, 199S;
Goldsmith, Mark, & Kantrov, 1998; Hirsch, Coxford, Fey, & Schoen, 1995). One of
the several NSF curricula for grades 9-12 was developed by the Core-Plus
Mathematics Project (CPMP).
Students who studied the CPMP four-year high school curriculum learned
mathematics by first constructing mathematical meaning out of problem situations
and then looking more formally at the mathematics involved. They worked in
situations and problem settings that were developed with the intent that students
construct mathematical concepts and methods and make them their own. While
learning mathematics using the CPMP curriculum, students were encouraged to value
their informal knowledge and intuition and to try to link them to formal mathematical
concepts. The objective has been that students are able to understand and to explain
what they are doing. Thus, mathematics is a practice, something that they do, as well
as a body of knowledge (Hirsch et al., 1995). Through this learning process it is
hoped that students develop not only specific knowledge but also mathematical ways
of thinking or habits of mind (Cuoco, Goldenberg, & Mark, 1996).
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Focus of This Research Study
At the present time there are a growing number of students who have
experienced mathematics in settings where mathematical sense-making is expected,
where mathematical habits of mind are included, where students communicate about
mathematics with each other, and where all students are encouraged to do
mathematics. But whether or not this change in environment has really influenced
their conceptions about mathematics and their actions in mathematical situations is an
area for further study. “To date no research has directly addressed the question of
how a broad meaning-construction approach to mathematics can be promoted among
all students, so that students themselves come to seek the connections between formal
notations and their justifying concepts” (Resnick, 1987 p. 38-39).
Conceptions about the nature of mathematics and what is important in the
learning of mathematics are believed to be very difficult to change (McLeod, 1992).
Over the course of four years of studying the CPMP curriculum, students will have
interacted with mathematics in new ways and when they leave they may have new
ideas about what is important in mathematics and what it means to do and learn
mathematics. However, after learning mathematics within such a classroom culture
the students are likely to move to college classrooms where they go to class, listen to
an instructor, and then work on an assignment before the next class meeting.
Different classroom expectations may challenge these students. If their ideas about
mathematics, doing mathematics, and learning mathematics are truly conceptions,
then they should be resistant to change. What will happen when these students are
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placed in an environment that may directly or indirectly challenge these conceptions?
How they meet this challenge and the ways in which they integrate their high school
mathematical experiences with their college mathematical experiences is an open
question and the focus of this study.
Research Questions

This study attempted to determine what conceptions about learning, knowing
and doing mathematics are held by students after studying four years of high school
mathematics using a Standards-based reform curriculum developed by the Core-Plus
Mathematics Project. It also sought to describe the experiences of such students as
they moved into and through the first semester of college mathematics. This was
accomplished by addressing the following three research questions:
1. What conceptions about learning, knowing, and doing mathematics are
held by students who have studied four years of mathematics using a Standards-based
reform curriculum developed by the Core-Plus Mathematics Project?
2. How do those conceptions change as time passes and students are exposed
to different mathematical learning environments in their first semester of college
mathematics?
3. How do the conceptions and experiences of students who studied four
years of high school mathematics using a Standards-based curriculum developed by
the Core-Plus Mathematics Project impact their college mathematics experiences?
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Conceptions of Mathematics
Research regarding students’ conceptions of mathematics is a subset of
research on affective issues in mathematics education. One area of the research in
affective issues is research about students’ beliefs. The research on beliefs is further
broken down into research on beliefs about mathematics as a discipline and research
about students’ beliefs about themselves as learners of mathematics. Lester,
Garofalo, and Kroll (1989) discuss beliefs in terms of the subjective knowledge of
students regarding mathematics, self, and problem-solving activities. Underhill
(1988) classifies beliefs according to several dimensions including whether
mathematics is rule-oriented or concept-oriented and whether mathematics is learned
by having someone tell it to you or by constructing it yourself. The research about
students’ conceptions of mathematics in this study focuses primarily on students’
beliefs about the nature of mathematics.
The conceptions that students hold are developed over long periods of time.
They are primarily shaped by school experiences and classroom expectations.
Lampert (1990), citing work by Ball (1988), Schoenfeld (198S), and Stodoldsky
(1985) commented that:
Commonly mathematics is associated with certainty: knowing it, with
being able to get the right answer, quickly. These cultural assumptions
are shaped by school experience, in which doing mathematics means
following the rules laid down by the teacher; knowing mathematics
means remembering and applying the correct rule when the teacher
asks a question; and mathematical truth is determined when the answer
is ratified by the teacher. Beliefs about how to do mathematics and
what it means to know it in school are acquired through years of
watching, listening, and practicing, (p. 32)
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Furthermore, beliefs do not change quickly. D’Andrade (1981) and
Schoenfeld (1989) suggest that beliefs develop as a result of a person repeatedly
being in similar situations. The beliefs that they develop will be consistent with
making sense out of those situations. Thus, if we want to change students’ beliefs
about mathematics we must put them in situations in which they interact with
mathematics in different ways.
Hiebert and Carpenter (1992) state that if students’ beliefs about mathematics
are going to change then the situations in which they encounter mathematics must
also change.
If students would be asked to construct connections between pieces of
information - within a representation system or between different
representations - one might expect that students would believe that
mathematics is a cohesive body of knowledge, that information acquired in
one setting will connect with information acquired in another, and that there
are consistencies within representation systems and predictable
correspondences between representation systems. Such beliefs would, in turn,
support the further growth of mathematical knowledge. However,
instructional programs that encourage students to construct connections over
an extended period of time are rare, and empirical data that addresses the link
between cognitive connecting processes and productive beliefs about
mathematics are just becoming available, (p. 77)
New curricula, in particular the CPMP curriculum, are trying to change the
manner in which children meet and interact with mathematics. The CPMP
curriculum is based on a philosophy that students need to construct their own
mathematical understandings and make sense out of mathematical situations. In
addition, it encourages students to look for connections between different branches of
mathematics and between mathematics and the world. In these ways it seems to be a
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means for helping students develop more appropriate conceptions of the nature of
mathematics and of what it means to learn and do mathematics.
Mathematical Habits of Mind
Several people have considered what cognitive skills might be particularly
helpful in mathematics. Cuoco, Goldberg, and Mark (1996) identified several
mathematical habits of mind. They first identified some very general habits; they
argue that students should be pattern sniffers, experimenters, describers, tinkerers,
inventors, visualizers, conjecturers, and guessers. They also identify some habits that
are more specific to mathematics: talking big and thinking small; talking small and
thinking big; using functions; using multiple points of view; mixing deduction and
experimentation; and pushing the language.
Schoenfeld (1992) identifies five categories to examine when considering
mathematical thinking: core knowledge, problem-solving strategies, effective use of
resources, having a mathematical perspective, and engaging in mathematical
practices. Problem-solving strategies, often called hueristics, began with Polya
(1945) when he suggested that there are certain ways of attacking a problem situation
that might help lead to a solution for the problem. His heuristics have been used with
varying degrees of success. One reason for the lack of success is that each strategy is
much more complex than it seems at first glance (Schoenfeld, 1987; Silver, 1981).
Although researchers have identified what types of things constitute mathematical
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thinking, there are still questions about how to get students to think mathematically
(Schoenfeld, 1988; Schoenfeld, 1992).
The authors o f the CPMP mathematics curriculum have tried to build into the
curriculum opportunities for students to develop mathematical habits of mind. A full
implementation of the curriculum encourages students to develop and value visual
and recursive thinking, to use multiple representations, to search for and describe
patterns, to make conjectures and then verify them, to invent their own mathematics,
and to provide convincing arguments regarding their mathematical thinking (Coxford
et al., 1998). There are now students who have spent four years learning mathematics
in this type of a learning environment. It remains to be seen how many of these
mathematical habits of mind they will carry with them into other mathematical
situations and how their conceptions of mathematics will guide their mathematical
activity outside of the CPMP classroom.
Overall Description of the Study
Through the use of a likert scale, Conceptions of Mathematics Inventory
(CMI) developed by Grouws, Howald, and Colangelo (1996), this study categorized
students’ conceptions of what it means to learn, know, and do mathematics before
encountering college mathematics and again after one semester of college
mathematics. This pre- and post-testing provided an analysis of how strongly the
students held their conceptions about what it means to learn, know, and do
mathematics after four years of reform-based curriculum and instruction.
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In addition, case studies of the experiences of six students were conducted to
explore how they navigated the transition from a reform-based high school
mathematics experience to a college mathematics class. In particular, the case studies
document and describe how each student interacted with mathematics in a new and
different setting. The case studies look specifically at such questions as: Do the
students approach mathematics learning passively or actively? Do they accept the
mathematics that the instructor is telling to them or do they try to make it their own?
Do the students approach mathematics as something that should make sense or are
they satisfied with memorizing the necessary rules? What use do they make of
technology? What habits of mind do they draw upon to make sense of and solve
problems in new mathematical situations?
Participants
Students from eight high schools that were a part of the field test of the CPMP
curriculum completed the CMI survey near the end of their senior year of high
school. Intact classes were requested to complete the survey. All of the teachers of
these students had been provided curriculum-specific professional development and
ongoing support while implementing the curriculum and were aware of the goals of
the curriculum. However, the success of the implementation varied from one school
to another, and even within schools, depending on the classroom teacher. There was
no incentive offered to participating students. They were asked to complete the CMI
during May of their senior year of high school and then again in January after their
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first semester of college. The initial survey was completed by 256 students and 132
of these students returned the survey after completing their first semester of college.
The case study participants were chosen from among volunteers in the
classrooms that were surveyed. They came from four different high schools and
attended one of two large midwestem universities. Each student was recommended
by his or her high school mathematics teacher. These recommendations were based
upon three criteria: the student being responsible enough to complete the entire set of
five interviews, the student being articulate enough to explain what he or she is
thinking, and the student enrolling in either precalculus or calculus during the first
semester of college. Each case study participant was compensated with a total of $42
for participation in this part of the research.
Collection and Analysis of Data
The CMI was first administered in high school classrooms in May 1998.
Those students who completed the CMI in May were then asked, by mail, to complete
another copy of it in January 1999. A follow-up mailing was done in March 1999 to
those students who had not yet returned the mailed survey. The initial CMI data was
analyzed by considering measures of center and measures of spread. Two-tailed
paired t-tests were used to determine whether or not the mean responses in each
dimension changed between May and January.
Data for the case studies was collected from a variety of sources: student
interviews and problem solving sessions, review of student work on tests and quizzes,
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classroom observation, and instructor interviews and completion of the CMI. The
case study interviews were transcribed and coded using a researcher-designed rubric
that identified actions that would indicate conceptions in each of the dimensions.
Classroom observations and instructor interviews were used to help determine the
type of college mathematics classroom environment that each case-study student was
in. These multiple perspectives allowed for triangulation of the data concerning the
college mathematics class. The data on student conceptions was triangulated by
considering the CMI responses of each student, the interviews about conceptions, and
the manner in which each student acted in mathematical situations during the
problem-solving sessions.
Significance of the Study
The study provides preliminary information on whether learning mathematics
in a different manner for an extended period of time has an effect on the conceptions
of mathematics that students develop and hold. Further, it identifies possible issues
that need to be addressed regarding the transitions from a reform environment to a
traditional environment. This information will be of value to both high school
teachers teaching in a reform environment and to college instructors who are teaching
students who studied high school mathematics in a reform environment.
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Limitations of the Study
As in all studies that depend on mailed surveys the response rate must be
taken into consideration. Although over 50% of the students eventually returned the
second CMI, it is not known why the others chose not to return the survey. Thus the
picture drawn about the stability of the students’ conceptions of mathematics is
necessarily incomplete.
As with any survey data the interpretations that students made of the
statements on the CMI were not known. It is possible that different students
interpreted statements in ways other than intended when the inventory was written.
This limitation is always present when gathering data that does not involve
conversations with the participants.
Also the case study students were not chosen randomly. Rather, they were all
students who had been successful in high school mathematics and were considered by
their teachers to be good students. This may have lessened the magnitude of any
problems regarding the transition from the CPMP curriculum to college mathematics.
The very fact that they were competent and responsible young people may have been
enough for them to adjust to the new situations with relative ease.
As already mentioned, the participants in this study were part of the field test
of the CPMP curriculum. The curriculum that they used was still undergoing
development and change based upon input from classroom teachers and research
results. Although the overall approach to mathematics did not change throughout the
development of the curriculum, some of the details and the order of some of the units
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did change. It seems unlikely that these changes would affect the conceptions of
mathematics that CPMP students develop, but it is not possible definitely to know
that.
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CHAPTER II
LITERATURE REVIEW
The study reported on here builds upon research regarding student
conceptions o f mathematics, strategies used to promote sense making and
understanding in mathematics, and how a focus on developing mathematical habits of
mind can change students’ conceptions of mathematics and mathematics learning.
This chapter reviews research in each of these areas and illustrates how prior research
has helped to inform and shape the current study.

Student Conceptions of Mathematics
Because mathematical activity does not occur entirely within the cognitive
realm, it is important to consider what beliefs students hold about mathematics and
mathematical activity and how those beliefs influence mathematical experiences. The
data regarding students’ beliefs about mathematics comes from various sources, but
almost all of it seems to indicate that students’ beliefs about mathematics may be part
of the reason why mathematical achievement is not as great as it could be. There is a
growing body of research that supports the view that a person’s conceptions of what
is important in mathematics influences how he or she approaches mathematical
situations.

17
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Conceptions of Pre-College Students
A student’s beliefs about mathematics are stable and thus are hard to change
(McLeod, 1992). Data from the 1992 National Assessment of Educational Progress
(NAEP) (Kenney & Silver, 1997) suggest that students in the United States generally
believe that mathematics is important, difficult, and involves memorizing and
following rules. The information regarding student beliefs about mathematics
gathered across the six NAEP assessments seems to be consistent (Brown et al., 1988;
Carpenter, Corbitt, Kepner, Lindquist, & Reys, 1980; Carpenter, Lindquist,
Matthews, & Silver, 1983) and so data from only the 1992 NAEP will be discussed
here. On the 1992 NAEP, a large percentage (41%) of the twelfth grade students
agreed that learning mathematics involves mostly memorizing facts. Only 64% of the
students indicated that they understood what happened in their mathematics class and
only 50% of them had confidence in their ability to do mathematics. Despite the
finding that students do not understand math and associate memorizing with learning
mathematics, they seem to believe that mathematics is useful for solving everyday
problems (71%) and that most people use mathematics in their jobs (74%). The
above findings indicate that students probably do not hold beliefs that are the most
productive to developing a robust understanding of mathematics.
Schoenfeld (1985) explored how students’ self-reported beliefs were reflected
in the mathematical work they were engaged in. In a study that included interviewing
students and observing them while working on problem-solving tasks, he found that
students’ beliefs about mathematics might weaken their ability to solve non-routine
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problems. Schoenfeld found that high school geometry students held strong beliefs
about the nature of mathematics that influenced their performance in at least four
ways. First, the students operated with a belief in the empirical nature of mathematics
and this belief influenced how they acted in problem-solving situations. They did not
see proof as a way to help them validate their geometric constructions. Rather they
believed that proof should be used to confirm something that is intuitively obvious or
to verify something that they were told was true. On the other hand, mathematicians
participating in Schoenfeld’s study saw discovery and deduction as flip sides of the
same coin. Secondly, he found that students often believed that the form o f a solution
or proof was as important as the deductive reasoning involved in the proof. The third
belief that Schoenfeld identified was that the students believed that problems should
be able to be solved in a short period. The fourth belief identified by Schoenfeld is
that students saw mathematics as a passive endeavor: one in which they needed to be
able to use the mathematics but not to understand why. They became “passive
consumers o f ‘black box’ procedures” (Schoenfeld, 1985 p. 373).
In an effort to conceptualize a framework for analyzing student conceptions of
mathematics, Grouws, Howald, and Colangelo (1996) developed and tested the
Conceptions of Mathematics Inventory. This inventory categorizes a student’s
conceptions of mathematics in seven different dimensions: composition of
mathematical knowledge, structure of mathematical knowledge, status of
mathematical knowledge, what it means to do mathematics, validating ideas in
mathematics, learning mathematics, and the usefulness of mathematics. Because they
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thought that a student’s conceptions of mathematics might be a factor in overall
achievement, they administered the inventory to groups of mathematically talented
students and to groups of typical algebra students.
On several dimensions the data indicated no differences between the two
groups of students. In agreement with the 1992 NAEP data, both groups of students
believed that mathematics was useful in their personal lives both in and out of school
and would continue to be important in the future. Both groups of students thought
that the field of mathematics was always growing and changing. However, in
interviews with individual students it became apparent that some students were
focused on the changing methods for teaching mathematics and the increased use of
technology in doing mathematics rather than on how mathematics as a field of study
might be changing. Both groups of students also indicated a view of mathematics
that balances the role of constructing knowledge and developing understanding with
that of memorizing. However, the relative importance of these two approaches varied
between the two groups. Over 75% of the algebra students believed that mathematics
was mostly memorizing, while only 50% of the mathematically talented students held
this belief about learning mathematics. As would be expected, a greater percentage
of the mathematically talented students (over 75%) than algebra students (40%) felt
that they could learn mathematics by independently trying to solve problems.
There were also differences between the conceptions held by the two groups
of students. The mathematically talented students believed that mathematics was
more about concepts than rules, that mathematics should make sense, that problem
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solving was more important than applying formulas, that different areas of
mathematics were related to each other and that they could validate their own
mathematical thinking. The typical algebra student’s responses indicated that for
them mathematics was about both rules and concepts, that different areas of
mathematics were not strongly connected, that being able to correctly use formulas
was enough to be successful and understand mathematics, and that they needed a
teacher to tell them if they were doing things correctly.
In summarizing the students’ responses, Grouws et al. concluded that
mathematically talented students differed from typical algebra students in their views
of what constitutes mathematical knowledge and what it means to do mathematics.
But they held similar views about what constitutes learning mathematics. The
existence of differences between these groups of students’ conceptions about
mathematics raises the question about how classroom experiences might help shape
and maintain a person’s conceptions of mathematics. This research also indicates that
a person’s conceptions about mathematics may be related to how he or she
approaches learning and doing mathematics both in and out of school and that this is
an important area for further investigation.
The preceding research was concerned with determining and describing the
beliefs that secondary school students hold about mathematics. An additional body of
research indicates that the beliefs of college students are not much different than the
beliefs of secondary school students and that the mathematical beliefs o f college
students also seem to be related to their mathematical achievement.
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Conceptions of College Students
The majority of the research regarding college students’ conceptions of
mathematics has been about the conceptions of mathematics held by college students
who are in remedial courses. Oaks (1987) explored how college students’
conceptions of mathematics are related to their success or lack thereof in remedial
college mathematics courses. She found that students who did not pass remedial
college mathematics courses tended to have a conception of mathematics as rote
manipulation of symbols. This view of mathematics focused the students’ learning
efforts on memorization rather than working for conceptual understanding.
Stage and Kloostermen (1991) examined remedial college mathematics
students’ beliefs about themselves as learners of mathematics and about the nature of
mathematics and the relationship o f these beliefs to student achievement. They used
the Indiana Mathematics Beliefs Scales (Kloosterman and Stage, 1992) to measure
student beliefs. The dimensions measured by the Indiana Mathematics Beliefs Scales
are: (a) perception of one’s own ability to complete difficult problems, (b) perception
that some mathematics problems cannot be solved simply by following steps,
(c) perceptions of the importance of conceptual understanding in comparison to rote
computational skill, and (d) perception of the importance of word problems in
mathematics. In a study involving 68 remedial college mathematics students, Stage
and Kloostermen found that the students had limited self-confidence in solving timeconsuming problems, slightly disagreed with the notion that not all word problems
could be solved simply by following steps, generally agreed that understanding
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concepts was important in mathematics, and slightly disagreed with the idea that
word problems were important in mathematics. They further found that for the 40
women in their study, the scores on dimensions (a), (b) and (c) above were
significantly and positively correlated with final course grade. The beliefs of the 26
men in this study were not significantly correlated with final course grades. This
difference in the findings for men and women supports Fennema and Peterson’s
(198S) claim that beliefs may influence achievement more for females than for males.
Carlson, Buskirk, and Halloun (in press) assessed the views about
mathematics held by precalculus and third semester calculus students. In particular
their study classified student beliefs about mathematics with regard to the structure of
mathematical knowledge, the methods of mathematics, the validity of mathematics,
the leamability of mathematics, the role of reflective thinking, and the personal
relevance of mathematics. The study showed that the beliefs held by third semester
calculus students differ from those held by precalculus students. A higher proportion
of calculus students believed that doing mathematics is more a result of effort than
teacher explanation (43% vs. 34%), that mathematics was related to everyday life
(75% vs. 65%), that mathematical formulas express meaningful relationships rather
than provide ways to get numerical answers to problems (45% vs. 23%), and that
solving mathematics problems involves more general problem solving techniques
than imitating the solution to a similar problem (71% vs. 53%). They also found that
students who did well in precalculus had views that were closer to those of
mathematicians than did students who did not do well in precalculus. The study also
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considered the impact of a moderately reformed precalculus course on the views held
by the precalculus students. They found that the reform environment did not have a
significant impact on the beliefs of the precalculus students.
Carlson (in press) assessed the views about mathematics held by graduate
level mathematics students. She found that they believed that persistence and
individual effort are necessary attributes for mathematical success. They also
indicated that they enjoyed mathematical problem solving and that students should
expect to “sort out” information on their own. In problem solving situations, Carlson
observed that the graduate students did persist but often did not correctly sort out the
necessary information and consider a variety of solution paths. This indicated that
although the beliefs of the graduate students are closer to those of mathematicians
than those of undergraduates, they still do not seem to be fully integrated with their
work in mathematical situations.
The research studies described above provide information about the
conceptions of mathematics that students hold and provide evidence that these
conceptions may influence an individual’s actions in mathematical situations. They
also point to the fact that the conceptions that many students have may be
contributing to the lack of overall mathematical achievement of students in the United
States. This, in turn, raises the question about what experiences might contribute to
changing students’ conceptions about mathematics and to future development of
students’ conceptions that are more congruent with a robust understanding of
mathematics.
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In an effort to determine how a curriculum influences beliefs, Hirschhom
(1993) administered a 25-item student opinion survey to students who had completed
four years of the University of Chicago School Mathematics Project (UCSMP)
mathematics curriculum and to matched comparison groups of students who had
completed a more traditional course of study. He found that the use of the UCSMP
curriculum did not affect students’ beliefs towards mathematics but that the use of a
calculator over the four years did affect students’ beliefs towards calculator use. He
concludes that there is no evidence that just learning different content will change
student beliefs about mathematics. He did however find a positive correlation
between the belief that mathematics is useful and higher performance on the
standardized achievement instruments that he used to measure mathematical
achievement. This study leaves open the question of whether changing the manner in
which students engage with mathematical ideas would have an affect on the
conceptions of mathematics that the students hold.
The CPMP curriculum introduces students to a wider variety of content and
the students are interacting with the mathematics in ways that previously were not
commonly found in the mathematics classroom. Data gathered from the field test of
the CPMP curriculum indicates that a significantly higher percentage of students who
studied mathematics using the CPMP curriculum than students in a traditional
mathematics curriculum believed that mathematical ideas should make sense (Schoen
& Pritchett, 1998). Of the 221 CPMP students surveyed, 64.7% o f them agreed that
their mathematics course helped them to see that mathematical ideas make sense.
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Only 51.1% of the 134 students in the comparison group indicated agreement with the
same statement. Possible reasons given for this difference in beliefs are that the
CPMP curriculum includes contextualized entry points into the mathematics,
collaborative learning groups, and an emphasis on mathematical communication.
In summary, this part of the literature review suggests that the beliefs that
students hold about the nature of mathematics and mathematical activity are
important to study. In spite of this fact there is a paucity of research on conceptions
of mathematics held by students in non-remedial college-level mathematics courses.
What research does exist indicates that students often hold beliefs that are
counterproductive to developing deep understanding of mathematical topics and thus
influence their overall mathematical achievement. There is also some evidence that
changing the approach to learning mathematics may help students develop more
accurate and productive beliefs about mathematics and mathematical learning.
Constructing Understanding and Sense-Making
In an effort to help students develop more accurate conceptions about the
nature of mathematics and mathematical activity, many people are now searching for
ways to encourage students to construct mathematical meaning for themselves and in
that process to develop deeper understanding of mathematics, the nature of
mathematics, and the nature of mathematical activity. Increasing collaboration
(Noddings, 1985; Schoenfeld, 1989), communication (Silver, 1996), and reflection
(Hiebert & Carpenter, 1992) in the classroom, developing mathematics in contextual
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situations (Brown et al., 1989) and increasing the problem solving nature of the
mathematics students’ experiences (Hiebert et al., 1996) are all being used in attempts
to help students better understand both mathematics and the nature of mathematical
reasoning.
The research on sense making in mathematics indicates that students often do
not make sense of mathematical situations. Reusser (1988), in work with elementary
age students, found that they readily supplied answers to questions for which there
were no reasonable answers. One hundred out of 101 students produced a numerical
answer to the question: “Yesterday 33 boats sailed into the port and 54 boats left it.
Yesterday at noon there were 40 boats in the port. How many boats were still in the
port yesterday evening?” (p. 325). The students that he interviewed did not notice
that the question was meaningless and combined the numbers in the question to
produce answers. Even more amazing is the fact that when asked about their
confidence in their answers about 75% of them believed that their answers were
correct. Only five students indicated that they thought there might be something
wrong with the problem. The students suspended sense making in an effort to get an
answer to the question. Ruesser suggests that these actions are a result of classroom
environments where answers are always expected and where students have
experiences with being successful problem solvers without needing to understand the
processes involved. Kilpatrick (1987) reported a similar phenomenon where students
would provide answers in situations where no question had been asked.
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Another instance where students simply gave an answer to a question without
considering whether or not it made sense was in the National Assessment of
Educational Progress busing problem (Carpenter et al., 1983). The busing problem
asked students to determine how many busses were necessary to transport a given
number o f people. Students were told how many people would fit on each bus. The
results on this question indicated that 70% of the students performed the correct
arithmetic but did not choose the correct answer because they did not take the
problem setting into account.
However, there is also research that indicates that if students are learning
mathematics in settings that value collaboration, communication, and reflection and
that place students in situations where they must construct mathematical ideas and
build meaning, then they do in fact make sense out of the mathematics. Lampert
(1987) describes research where she works with elementary students to develop the
meaning of multiplication. Her research employed a series of lessons designed to
increase students’ use of, and connections among, their intuitive knowledge,
computational knowledge, concrete knowledge, and principled conceptual knowledge
related to multi-digit multiplication. The students in the class worked collaboratively
to negotiate the meaning of multiplication and by the end of the series of lessons
students were able to effectively explain their reasoning about the multiplication
process.
Silver (1996) reports attempts to build classrooms that are rich in
communication. The Qualitative Understanding: Amplifying Students Achievement
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and Reasoning (QUASAR) project is a national reform project designed to encourage
and study the implementation of enhanced mathematics instruction for students
attending middle schools in economically disadvantaged communities. The
QUASAR project is based upon connecting the mathematics taught in school with the
students’ lives. It places social interaction and communication at the center of
meaningful learning. Results of the QUASAR project (Silver & Stein, 1996) indicate
that communication-rich classrooms do lead to students’ increased understanding of
mathematics and to a reflective attitude on the part of students.
Students in the field test of the CPMP curriculum learned mathematics in an
environment based upon the idea that mathematics should make sense (Hirsch et al.,
1995). The students worked in collaborative groups where mathematical
communication, reasoning, and problem solving were valued and encouraged.
Schoen, Hirsch, and Ziebarth (1998) found that students who have learned
mathematics using the CPMP curriculum grew more in their ability to solve
mathematical problems and to reason and communicate about mathematical ideas
than comparable students. In addition, on a NAEP based test administered at the end
of Course 3, the CPMP students scored much better relative to the nationally
representative sample of twelfth-grade students on each of the content subtests and on
each of the process subtests.
Boaler (1998) found that different methods of teaching resulted in different
forms of knowledge. A traditional approach to teaching mathematics resulted in
procedural knowledge that was not used in new situations. On the other hand,
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students who learned mathematics in an open, project-based manner developed a
conceptual understanding of the mathematics and were able to access their knowledge
in a variety of situations. They could access their mathematical knowledge in both
school and nonschool settings.
The literature described in this section provides support for trying to change
the ways in which students encounter mathematics. It indicates that students in
traditional settings often do not strive for understanding and do not believe that
mathematical situations should make sense. However, there is also an indication that
changing the manner in which the students encounter mathematics may build the
mental habits of sense making and striving for understanding.
Mathematical Habits of Mind

There is a growing body of literature that urges teachers of mathematics to
acknowledge and consciously shape the culture of the mathematics classroom. The
underlying idea is that students learn what mathematics is about from the practices in
their mathematics classrooms (Schoenfeld, 1991). Resnick (1987 p. 39) states that
“several lines of cognitive theory and research point toward the hypothesis that we
develop habits and skills of interpretation and meaning construction through a process
more usefully conceived of as socialization than instruction.” Bishop (1991) lobbies
for mathematics instruction that overtly incorporates learning about the culture of
mathematics. Brown, Collins, and Duguid (1989 p. 32) state that:
The activity in which knowledge is developed and deployed, it is now argued,
is not separable from or ancillary to learning and cognition. Nor is it neutral.
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Rather, it is an integral part of what is learned. Situations might be said to co
produce knowledge through activity. Learning and cognition, it is now
possible to argue, are fundamentally situated.
Schoenfeld (1992), in discussing the interplay among the many areas that are a part of
mathematical understanding and problem solving, states:
The research community understands little about the interaction among the
categories, and less about how they come to cohere - in particular how an
individual’s learning in those categories fits together to give the individual a
sense of the mathematical enterprise, his or her, ‘mathematical point of view.’
My own bias is that the key to his problem lies in the study of enculturation,
of entry into the mathematical community, (p. 363)
There have been several recent studies that have looked at changing the
culture of the mathematics classroom. The research described in the preceding two
sections has considered situations where the culture of the classroom was changed
and thus the actions and expectations of the students also changed. Those studies
offer a glimpse of what can happen when we change what occurs in the mathematics
classroom. The studies reported below are classroom studies where the instruction
was specifically designed to get students to approach mathematical situations in
different ways and, in the process, to develop mathematical habits of mind and better
ideas about what it really means to do mathematics.
Lampert (1990) describes a research and development project in which the
roles and responsibilities of the teachers and the students were deliberately altered in
order to get students to engage in mathematics in ways that are closer to the ways that
mathematicians engage in thinking about and doing mathematics. She assumed that
students needed to do mathematics differently in order to think differently about what
it means to know something in mathematics. Lampert initiated and supported
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activities that led to her fifth grade students making conjectures. After making the
conjectures, students were required to develop mathematical arguments supporting or
refuting each conjecture. As a result, her students began to see learning mathematics
as an active process involving making conjectures, proving or disproving the
conjectures and then using the results. She concludes that over the course of the year
the students did change their views of mathematical knowledge. There even seemed
to be some evidence that their new expectations about how one does mathematics
were carried with them to other settings.
Wilson and Lloyd (1995) studied three CPMP classrooms paying particular
attention to who held the mathematical authority in the classroom and who validated
answers. They found that students learning mathematics in these student-centered
classrooms were able to adjust to having to validate their own work. They
hypothesize that part of the reason for the easy adjustment on the part of the students
is that students do not generally question what the teacher says and since the teacher
set up the alternative environment, they went along with it. Students also indicated
that the mathematics they were studying had meaning and application.
Schoenfeld (1989) successfully taught a problem-solving class to college
students that helped them develop a disposition and some heuristics that were helpful
in problem-solving situations. In the class, students worked collaboratively to solve
problems. While they were solving the problems Schoenfeld circulated around the
room encouraging students to reflect on what they were doing, why they were doing
it, and if it was helping them. He stressed that there were approaches available that
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might work in a variety of situations but that students needed to first make sense out
o f the problem situation and work from there. However caution must be used in
teaching heuristics because each heuristic is much more complex than it first appears
(Schoenfeld, 1987; Silver, 1981). General methods are helpful but students must be
able to determine when and how to use them appropriately.
Mason (Mason, Burton, & Stacey, 1982) taught a college course on thinking
mathematically in which the students developed an attitude that mathematical
statements are true only when they can be proven. Students developed a habit of first
convincing themselves of the truth of a statement, then convincing a friend and finally
convincing a skeptic. They learned something very important about the nature of
doing mathematics.
In response to observing that first year university students had inadequate
beliefs regarding mathematics, Alibert (1988) designed and implemented an
experimental teaching method that he hoped would help students construct more
realistic and helpful beliefs about mathematics. His classroom became one that was
driven by scientific debate. The heart of the process was the posing of conjectures
and the subsequent search for a proof or a counterexample. But the debate was
carried on by the students, with the teacher being a director, not an authority. In this
way it was the students’ responsibility to construct and validate mathematical
knowledge. Through this type of learning environment approximately 75% of
Alibert’s students realized the possibility of and the importance o f constructing
mathematical meaning for themselves. However, they also found that the learning
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style needed in this type of an environment is not easy. Mathematics for them
became much more than just a school subject; it became “a tool that could be used in
other subjects” and “a method with a particular relationship to reality” (p. 35). That
is, these students saw mathematics and mathematical reasoning as something that
would be useful to them outside of the mathematics classroom.
All of the classroom environments described in this section required active
involvement of the students in conjecturing about mathematical situations and then
trying to verify their conjectures. Through this process students developed an
understanding of what it means to do mathematics and began to believe that they
could understand mathematics and verify their own conjectures. The instructors in
each of these situations were not the central focus of classroom activity. Rather, they
provided some heuristics for students to try to use, guided the discussion and helped
direct student thinking so that the students would find the solutions to problems.
Through this process the students developed mathematical habits of mind. However,
the extent to which students will continue to use these habits of mind in other
mathematics classes or in employment is not clear.
Summary
The literature reviewed in this chapter demonstrates that students often hold
limiting beliefs about the nature of mathematics and the nature of mathematical
activity. Furthermore, these beliefs seem to be related to overall mathematical
achievement, so it is important to do all we can to help students develop more
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productive beliefs. Since beliefs are hard to change and generally change as a result
of repeated exposure to different circumstances, it seems reasonable to assume that if
we want students’ beliefs to change, then they must learn mathematics in changed
environments. There is some evidence that students who are learning mathematics in
environments where they are active participants involved in collaboration,
mathematical communication, and reflection, and where the mathematics is
developed out of contextual situations, do develop more realistic conceptions about
the nature of mathematics and the nature of mathematical activity.
The present study builds on and extends the literature on students’ beliefs
about mathematics and mathematical activity. It identifies conceptions held by
students upon completion of four years of mathematics study in an environment that
was centered on mathematical sense making, and included active participation by the
students. Further it explores the stability of those beliefs by measuring them after six
months had passed during which time students may have experienced mathematics in
a contrasting environment. Because beliefs are also reflected by mathematical
activity, this research also reports observations of students as they work on
mathematical problems.
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CHAPTER HI
METHODOLOGY

This study focuses on the conceptions of mathematics held by students after
studying four years of an NCTM Standards-based high school mathematics
curriculum. Additionally, it investigates what happens to those conceptions as
students navigate through their first semester of college mathematics. There are two
main components to the study. The first is a broad-based survey of the conceptions of
mathematics held by students who have studied four years of the CPMP mathematics
curriculum at the end of their senior year of high school and again after their first
semester of college mathematics. This survey was completed using the Conceptions
o f Mathematics Inventory (CMI) (Grouws et al., 1996). The second component, case
study analyses of six students as they study their first semester of college
mathematics, seeks to illustrate and more deeply explore their responses to the
Conceptions of Mathematics Inventory, and to describe the transition to college
mathematics for these students.
Student Conceptions of Mathematics
The intent of this part o f the study is to determine the nature and strength of
students’ conceptions of mathematics upon completion of four years of a Standardsbased mathematics curriculum.
36
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Participants
The participants in the “before” and “after” conceptions survey were students
from eight CPMP field-tests schools. The schools were chosen based on the
researcher’s knowledge of the implementation of the curriculum at the schools.
Priority was given to classrooms in which the curriculum had been implemented in its
entirety, both in terms of the mathematical topics and the nature of classroom
interaction. However, despite these criteria, the actual degree of implementation of
the curriculum varied from one school to another and even within schools from year
to year and teacher to teacher. Students from intact classes at five high schools in
Michigan, one high school in California, one high school in Alaska, and one high
school in Georgia were asked to participate in this component of the research by
completing the CMI in May of their senior year. The students in each classroom
individually chose either to participate or not to participate. Two hundred fifty-seven
seniors completed the CMI in May 1998. These 257 students were then asked to
complete the survey again after completing their first semester of college. One
hundred thirty-two (51.36%) of the 257 students returned the survey after their first
semester of college. Of these 132 students who returned the survey after their first
semester of college, 38 of them did not complete the survey because they had not
taken a mathematics course during their first semester of college. Two additional
surveys could not be included in the pre- and post-testing because the students had
not adequately completed the first administration of the CMI. This resulted in 92
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students who completed both administrations of the CMI and were included in the
analysis of the pre- and post-CMI data.
Conceptions of Mathematics Inventory
The Conceptions of Mathematics Inventory (Grouws et al., 1996) was used to
measure students’ conceptions of mathematics. The CMI is a 56 item, 6-point likertscale instrument, with response choices of Strongly Disagree, Disagree, Slightly
Disagree, Slightly Agree, Agree, and Strongly Agree to the statements. The
inventory measures students’ conceptions in seven different dimensions:
Composition of Mathematical Knowledge, Structure of Mathematical Knowledge,
Status o f Mathematical Knowledge, Doing Mathematics, Validating Ideas in
Mathematics, Learning Mathematics, and the Usefulness of Mathematics. The
conceptions in each dimension are measured on a continuum with respect to two
poles. The dimensions and their associated poles are provided in Figure 1.
The conceptions in each dimension are assessed using eight statements. Of
the eight statements, four are written to reflect one pole and four to reflect the other
pole. For the purposes of this study, the pole in the first column of Figure 1 will be
referred to as the positive pole. Examples of statements reflecting each pole for each
dimension are provided in Figure 2. The first statement in Figure 2 for each
dimension is a positively worded item and the second is a negatively worded item.
When the CMI was initially created it underwent a lengthy process of analysis
and revision, increasing its validity. (See Grouws, Howald & Colangelo, 1996, for a
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Composition of Mathematical Knowledge
Knowledge as concepts, principles vs. Knowledge as facts, formulas and
and generalizations
algorithms
Structure of Mathematical Knowledge
Mathematics as a coherent system vs. Mathematics as a collection of isolated
pieces
Status of Mathematical Knowledge
Mathematics as a dynamic field
vs. Mathematics as a static entity
Mathematics as sense-making
Logical thought

Doing Mathematics
vs. Mathematics as results

Validating Ideas in Mathematics
vs. Outside authority

Learning as constructing and
understanding

Learning Mathematics
vs. Learning as memorizing intact knowledge

Usefulness of Mathematics
Mathematics as a useful endeavor vs. Mathematics as a school subject with
little value in everyday life or future work
Figure 1. Dimensions and Poles of the CMI.
description of the development of the CMI.) The Cronbach’s alpha reliability
coefficient for each of the seven dimensions was computed for both the May and
January administrations of the CMI and they are provided in Table 1.
When the CMI was designed, it was decided to include both general and
content specific statements in all dimensions except for the usefulness of mathematics
dimension. This was done because it was known that students are apt to respond
differently to statements with examples in them than to general statements. This
variety of questions may give a more realistic evaluation of student conceptions but

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

40

the possible difference in response patterns may contribute to the lower reliability
coefficients.

Composition of mathematical knowledge
In mathematics there are many problems that can’t be solved by following a given
set of steps.
The field of mathematics is for the most part made up of procedures and facts.
Structure of mathematical knowledge
Mathematics is mostly thinking about relationships among such things as numbers,
points, and lines.
Diagrams and graphs have little to do with other things in mathematics like
operations and equations.
Status of mathematical knowledge
The field of mathematics is always growing and changing.
Mathematics today is the same as it was when your parents were growing up.
Doing mathematics
When working on mathematics problems, it is important that what you are doing
makes sense to you.
Being able to use a formula well is enough to understand the mathematical concept
behind the formula
Validating ideas in mathematics
It is important that you can convince yourself of the truth of a mathematical
statement.
You can only find out that the answer to a mathematics problem is wrong when it
is different from the book’s answer or when the teacher tells you.
Learning mathematics
When you learn mathematics, it is helpful to compare new ideas to mathematics
you already know.
Learning mathematics involves memorizing information presented to you.
Usefulness o f mathematics
Mathematics is a worthwhile subject for me.
Mathematics has very little to do with my life.
Figure 2. Sample Statements From the CMI.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

41
Table 1
Cronbach’s Alpha Reliability for Dimensions of CMI
Reliability Coefficient
Dimension

May

January

Composition of Mathematical Knowledge

0.45

0.47

Structure of Mathematical Knowledge

0.63

0.59

Status of Mathematical Knowledge

0.65

0.75

Doing Mathematics

0.49

0.45

Validating Ideas in Mathematics

0.58

0.65

Learning Mathematics

0.49

0.63

Usefulness of Mathematics

0.91

0.90

Data Collection Procedures
In May 1998 the researcher administered the survey to all participants in the
Michigan schools and the classroom teachers administered the survey to participants
outside of Michigan. Participants completed the CMI during their regular
mathematics class period and were given as much time as was necessary. Most
participants completed the survey within IS minutes. Participants who had completed
the CMI in May were mailed another copy of the CMI in January 1999, after their
first semester of college, and asked to complete it again. Along with completing the
CMI in January, participants were asked to briefly describe the college mathematics
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class that they had just completed. Participants who had not taken mathematics
during their first semester of college were asked to return the survey without
completing it. At the beginning of March 1999, a follow-up mailing of the CMI and
college mathematics class questionnaire was sent to initial participants who had not
returned the January survey. For the purposes of analysis, the surveys returned in
January and those returned in March were considered together and are referred to as
the January administration of the CMI.
Analysis of Results
In order to facilitate interpretation of the results, the responses to all
statements were scored so that a mean score of six indicates complete agreement with
the positive pole in each dimension. In order for this to be the case, the positively
worded and the negatively worded statements were scored differently. The scoring
used in the analysis is provided in Table 2.
After this coding had been completed, the mean score for each student in each
dimension was calculated. In each dimension histograms and descriptive statistics for
the May scores were examined to determine the conceptions the participants held
upon graduation from high school. To determine the stability of these conceptions
the May and January scores of the 93 students who adequately completed both CMI
administrations were analyzed by considering scatterplots, histograms, and
descriptive statistics. The sample mean scores were then analyzed using paired t-tests
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to determine whether or not the mean response in each dimension changed between
the first and second completion of the CMI.
Table 2
Scoring of the Conceptions of Mathematics Inventory
Response

Positive Item

Negative Item

Strongly Agree

6

I

Agree

5

2

Slightly Agree

4

3

Slightly Disagree

3

4

Disagree

2

5

Strongly Disagree

1

6

Self-Selection Bias
Since only 92 of the original 256 students returned the CMI in January, the
data was analyzed to determine if the 92 January participants held different
conceptions in May than did those who did not return the CMI in January. The May
ratings in each of the dimensions were used to consider any self-selection bias that
might have been present. The May ratings for the 92 January participants were
compared to the May ratings for the other 164 students using independent samples
t-tests (a = .05). The tests indicated that the only statistically significant difference
between the two groups was in the Usefulness of Mathematics dimension (p = .001).
(See Appendix A for results of all t-tests performed.) The 92 participants who
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completed the survey in January believed mathematics to be more useful than did the
remaining 164 participants. This difference might be expected because ail of the 92
participants who completed the January CMI took mathematics during their first
semester of college and this might have been because they believed mathematics to
be more useful to them. (Remember that, in January, 32 other participants returned
the CMI uncompleted because they had not taken a mathematics class their first
semester of college.)
Null Hypotheses

This component of the study was designed to determine the strength and
stability of the conceptions of the nature of mathematics and the nature of
mathematical activity held by students who studied mathematics using an NCTM
Standards-based high school mathematics curriculum throughout high school. The
seven null hypotheses for this component of the study are:
1. There is no statistically significant change in students’ conceptions of the
composition of mathematical knowledge between the end of their senior year of high
school and the end of their first semester of college mathematics.
2. There is no statistically significant change in students’ conceptions of the
structure of mathematical knowledge between the end of their senior year of high
school and the end of their first semester of college mathematics.
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3. There is no statistically significant change in students’ conceptions of the
status of mathematical knowledge between the end o f their senior year of high school
and the end of their first semester of college mathematics.
4. There is no statistically significant change in students’ conceptions of
doing mathematics between the end of their senior year of high school and the end of
their first semester of college mathematics.
5. There is no statistically significant change in students’ conceptions of
validating ideas in mathematics between the end of their senior year of high school
and the end of their first semester of college mathematics.
6. There is no statistically significant change in students’ conceptions of
learning mathematics between the end of their senior year of high school and the end
of their first semester of college mathematics.
7. There is no statistically significant change in students’ conceptions of the
usefulness of mathematics between the end of their senior year of high school and the
end of their first semester of college mathematics.
These hypotheses were tested at the a = .05 level. The rejection o f a null
hypothesis indicates that the student conceptions in that dimension were not deeply
held.
Case Studies of Students in Their First Semester of College Mathematics
The second component of the study focuses on six students and their
navigation through their first semester of college mathematics. This component takes
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the form of case study analysis (Miles & Huberman, 1994; Stake, 1995; Yin, 1993).
Attention was directed towards how the students used mathematical habits of mind
and how their conceptions of mathematics and the classroom culture of their college
mathematics course influenced how they went about learning mathematics.
Participants

All of the participants in the case study component of this study were drawn
from students in the Michigan high school classrooms that completed the CMI in
May. At the time of the first completion of the CMI, the researcher briefly explained
the case study component of the research and asked for volunteers that would be
interested in participating. The only restriction placed on the pool of volunteers at
that time was that the individual had to be planning to attend college in Michigan.
Students were instructed to indicate their interest by indicating so in the appropriate
spot on an informational sheet that each completed at that time. After all volunteers
from a school were identified, the researcher asked the classroom teacher to rank the
students in terms of responsibility, communication skills, awareness of their thinking
processes, and the likelihood that they would place into at least precalculus at the
college level.
Due to logistical reasons and available resources it was decided that case
study participants should be chosen among those planning to attend one of two
Michigan universities, ideally with three participants at each university. With this
restriction and the teacher recommendations, the researcher obtained agreement to
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participate in the case study component from six students. The participants were
from five different high schools. During their first semester of college, two of the
participants took precalculus and the other four took calculus.

Data Sources
The data for the case study component came from a variety of sources. In
order to develop a deep description of the conceptions of mathematics of each of the
case study participants, the investigator conducted a series of five one-hour-long
interviews with each case study participant over the course of the semester. To help
develop an accurate picture of the culture of the college mathematics classroom, the
researcher also interviewed the college mathematics instructor of each of the case
study participants and regularly observed the mathematics classes. Additionally, the
researcher kept track of assignments and collected copies of assessments given to
each participant. Each of these sources of data will be more frilly described in the
following sections.
Participant Interviews
Each case study participant completed a series of five hour-long individual
interviews with the researcher. The interviews were conducted between the end of
August 1998 and the middle of January 1999.
The first interview helped clarify the student’s conceptions o f mathematics
and the nature of their high school mathematics experiences. This semi-structured
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interview occurred at the end of August after the student had decided on a college
mathematics course but before beginning the first semester of college mathematics.
See Appendix B for the interview protocol.
The next three interviews consisted of the participants solving problems from
the mathematics courses they were taking. This helped uncover how each participant
was interacting with new mathematical concepts and provided information about
what mathematics each student thought was important. The problems were chosen to
provide opportunity for insight into the mathematical thinking of the participant.
Each problem set was designed to be representative of the mathematics that the
participant had studied since the previous interview. During each of these problem
solving interviews, the participants worked on problems while describing what and
why they were doing what they were doing. At the beginning of each of these
interviews, the researcher also had an informal conversation with the participants
about how they thought the course was going in general and any problems they might
be experiencing. These interviews occurred at the end of September, the end of
October, and the beginning of December. See Appendix C for the problems used
during these interviews.
The final interview, which occurred in January, consisted o f asking the
participants to look back at the semester, to describe their mathematics class, and to
discuss what they did to learn the mathematics that was presented to them. Any
significant changes in responses to statements on the CMI were also discussed at this
interview. See Appendix B for the protocol for this interview.
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Instructor Interviews
In order to assess the conceptions of mathematics, mathematics learning, and
mathematics teaching that were underlying each course, the instructor of each student
was asked to complete a modification of the CMI designed by Grouws to be given to
teachers. Instead of assessing how the instructor would go about learning and doing
mathematics it assessed what the instructor thought students would do. After
completing the CMI, each instructor was interviewed by the researcher. The purpose
of this interview was to allow for clarification of the CMI and to get the instructor to
describe the course he or she was teaching, what he or she saw as the major goals of
the course, and what the expectations for students were. See Appendix D for
questions used during this interview. These interviews were conducted
approximately halfway through the semester.
Course Monitoring
The class that each case study student was enrolled in was observed
approximately once every other week throughout the course of the semester. The
focus during these observations was on the instructor’s expectations of the students in
the class, how class time was utilized and on the discourse of both the instructor and
the students. A classroom observation protocol can be found in Appendix E.
Homework assignments and graded student assessments were also used to
help determine what mathematics was valued as important in each course. The
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graded assessments were also an additional source of information about the work that
each participant was doing in the course.
Analysis of Case Study Data
The data gathered from the variety of sources described above was considered
in developing the final case studies of the students. Gathering data from the
participants, the classroom instructors and the researcher’s observations enabled
triangulation of the information regarding the procedures, expectations and
conceptions of mathematics that were present in each of the college mathematics
classes. The responses on each student’s CMI, their descriptions of their
mathematical conceptions from the first and last interviews, and their actions in the
problem-solving sessions provided a variety of sources o f information regarding each
student’s conceptions of the nature of mathematics and mathematical activity.
All participant and instructor interviews and problem-solving sessions were
audio taped and then transcribed. Each was coded according to a researcherdeveloped rubric that identified typical actions or statements that were considered a
reflection of a particular conception. This rubric was initially developed by the
researcher and after input from another math education professional was revised to
the final rubric found in Appendix F. After the interviews were coded, they were
analyzed to determine which conceptions seemed to be dominant. This interview
data, along with the CMI data, was then used to develop a rich description of what
each student’s conceptions seemed to be.
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The interviews and problem solving sessions were also used to provide
information on each participant’s transition to college mathematics. They were used
to identify those areas where the transition went smoothly and those where it did not.
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CHAPTER IV
QUANTITATIVE RESULTS

This chapter reports results regarding student conceptions of mathematics as
measured by the Conceptions of Mathematics Inventory (CMI). The first section
provides an overview of students’ conceptions after studying four years of the CorePlus Mathematics Project (CPMP) curriculum. The remaining sections provide
analysis of the stability of the conceptions in each dimension by analyzing the results
of the CMI for those participants who attended college. The distributions of
conceptions at the end of high school and after one semester of college mathematics
are discussed. Then, in order to determine the stability of the conceptions, any
changes in the responses to the CMI are analyzed. The significance of the change is
determined by using a paired t-test with a significance level of a = .OS.
The 256 participants in this study all completed the Conceptions of
Mathematics Inventory (Grouws, 1996) near the end of their senior year of high
school in May 1998. They were then asked to complete it again in January 1999,
after completing their first semester of college. Of the original 256 participants, 132
(51.6%) responded to the request to complete the survey in January. Of those 132
people, 38 of them had not taken a college mathematics course and so did not
complete the survey a second time. Another two of them had not adequately

52

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

53
completed the initial survey. This resulted in a total of 92 people who were a part of
the study considering the stability of student conceptions.
Overview of Student Conceptions of Mathematics
Before looking at each of the dimensions in detail, it is helpful to look at the
overall pattern of responses in May. After scaling the responses so that a score of six
indicates strong agreement with the positive pole in each dimension, an average
rating for each participant in each dimension was computed. (For details about the
CMI and the poles for each dimension see the “Conceptions of Mathematics
Inventory” section in Chapter III.) Figure 3 displays a bar graph of the overall
average ratings for all participants for the May administration of the CMI.
May 1998 Dimension Averages on CMI
6

C
Dimension
Figure 3. CMI Dimension Averages.
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The average rating for each dimension was above the midpoint of 3.5. This
indicates that, in general, the conceptions held by the students at the end of their
senior year of high school were positive. The weakest conceptions were in the
Composition of Mathematical Knowledge dimension. The poles of this dimension
are: knowledge as concepts, principles, and generalizations; and knowledge as facts,
formulas, and algorithms. The strongest conceptions were held in the Usefulness of
Mathematics category where the overall average was 4.93. More details regarding
the results of May 1998 administration of the CMI can be found in Table 3 which
provides descriptive statistics for each of the dimensions.
Table 3
May 1998 CMI Statistics by Dimension
N

Mean

Median

Min

Max

SD

Composition of Mathematical
Knowledge

256

3.852

3.75

1.50

5.63

.5222

Structure of Mathematical
Knowledge

256

4.583

4.625

3.13

6.0

.5464

Status of Mathematical
Knowledge

256

4.337

4.375

2.75

5.88

.5979

Doing Mathematics

256

4.542

4.500

3.38

5.88

.5133

Validating Ideas in Mathematics

256

4.193

4.125

2.88

5.75

.5669

Learning Mathematics

256

4.130

4.125

2.75

5.38

.5019

Usefulness of Mathematics

256

4.931

5.125

1.00

6.00

.9027
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Further insight into the students’ conceptions in each of these dimensions can
be obtained by considering the distributions of the average ratings in each dimension.
Histograms of the average ratings in each dimension for the 256 participants who
completed the CMI in May are provided in Figure 4.
Composition of Mathematical Knowledge

000

100 300 300 400 300 000 TOO

Structure of Mathematical Knowledge

000

Status of Mathematical Knowledge

000 100 300 300 400 300 600 TOO

100 200 300 4 00 300 600

TOO

Doing Mathematics

000

100 200 300 400 300 600 TOO

Figure 4. Histograms of May 1998 CMI Ratings.
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Figure 4—continued
Validating Mathematics
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Learning Mathematics
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Usefulness of Mathematics

The distributions shown in Figure 4 indicate that almost all students had
positive beliefs in all of the dimensions. In only two dimensions, Composition of
Mathematical Knowledge and Usefulness of Mathematics, were there students who
had ratings below 2.5. This indicates that in the other five dimensions even when
students held negative conceptions they were weakly held conceptions. However, it
is also the case that there were very few students with strongly held positive
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conceptions, that is ratings above S.S. In all of the dimensions, the bulk of the
students had ratings between 3.S and S.S. This indicates that in all dimensions the
students, on average, slightly agreed or agreed with the positive pole of the
dimension.
Most of the distributions have approximately the same shape; they have one or
two bars that are much taller than the others, indicating that the ratings are clustered
in one area. However, the distribution for the ratings in the Usefulness of
Mathematics category is much more skewed than any of the others. It is skewed left,
indicating that most of the students had high ratings but that a few also had very low
ratings. That is, most of the students believed that mathematics would be useful to
them outside of school but there were some that believed that it would not be. In
addition to this being the most skewed distribution, there is a much higher percentage
of students with ratings above 4.S in this dimension than in any of the others. This
indicates that the positive conceptions in this dimension were held more strongly than
were the positive conceptions in any of the other dimensions.
In the next sections, the stability of the students’ conceptions in each of these
dimensions will be considered by comparing the conceptions of students at the end of
high school with their conceptions after completing one semester of college
mathematics. The remainder of this chapter focuses solely on the data corresponding
to the 92 students who took a mathematics course during their first semester at
college and who completed both administrations of the CMI.
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Histograms, descriptive statistics, and results of paired t-test analysis will be
provided for ratings in each dimension. The histograms provide an overview of the
distributions, of the ratings in May and January and the descriptive statistics provide
more detail about each distribution. The paired t-test examines whether or not the
change in individual ratings was statistically significant. Scatterplots of the May vs.
January CMI ratings for these 92 students were examined during data analysis. They
provide another opportunity to look at the change in individual scores and can be
found in Appendix G.
Composition of Mathematical Knowledge
The two poles of the composition of mathematical knowledge dimension are
knowledge as concepts, principles and generalizations and knowledge as facts,
formulas, and algorithms. The conception of mathematical knowledge as concepts,
principles, and generalizations reflects the belief that mathematics consists of
important ideas and relationships among them. These ideas and relationships should
guide mathematical activity. Further, the notation used in mathematics also reflects
important concepts. The conception of mathematical knowledge as facts, formulas,
and algorithms reflects the belief that mathematics is made up of important rules and
procedures that allow one to accomplish the necessary mathematics. Mathematical
activity is guided by finding the appropriate rule or formula to use in a given
situation.
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This study indicated that students who have studied the Core-Plus
Mathematics Project (CPMP) curriculum generally believe that mathematical
knowledge consists of concepts, principles, and generalizations. Histograms of the
May and January student averages for this dimension (see Figure 5) indicate that as a
whole the average ratings were slightly lower in January than in May. In May,
approximately 72.8% of the participants had averages that were above 3.5, indicating
Composition of Mathematical Knowledge
May

000

100 200 300 400

January

300 <00 700

000

100 200 300 400

300 <00

700

Figure 5. Histograms of Composition of Mathematical Knowledge Averages.
a belief that mathematical knowledge is composed more of concepts, principles, and
generalizations than of facts, formulas, and algorithms. In January, the percent of
participants with averages above 3.5 had decreased to 68.5%. Descriptive statistics
for the above histograms are provided in Table 4. It is noted that the mean of the
average ratings decreased between May and January. The median of the average
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ratings was the same for the two administrations. The minimum and the maximum
ratings and the standard deviation increased between May and January.
Table 4
Composition of Mathematical Knowledge Survey Results
N

Mean

Median

Min

Max

SD

May

92

3.8940

3.875

1.5

5.13

.5361

January

92

3.7745

3.875

2.38

5.25

.5394

The major focus of this portion of the study was on the stability of the
students’ conceptions in each dimension. To test the null hypothesis: There is no
statistically significant change in students’ conceptions of the composition of
mathematical knowledge between the end of their senior year of high school and the
end of their first semester of college mathematics, a paired t-test, at the a = .05 level,
was applied to the January minus May dimension averages. A significant difference
(p = .048) was found in the response averages on this dimension. Thus the null
hypothesis is rejected and it is concluded that the students’ conceptions of the
composition of mathematical knowledge moved toward the negative pole during their
first semester of college mathematics. That is, after one semester of college
mathematics these students believed that facts, formulas, and algorithms were more
important in mathematics than they did at the end of their senior year of high school.
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Structure of Mathematical Knowledge
This dimension assesses whether the student believes that mathematics is a
coherent system or a collection of isolated pieces. The conception that mathematics
is a coherent system is a belief that there are meaningful connections among the
concepts, principles, and skills that one learns in mathematics. When learning new
mathematics, a person with this conception expects prior knowledge and problem
solving skills to be relevant and helpful and acts accordingly. In contrast, holding the
belief that mathematics is a collection of isolated pieces discourages one from looking
for connections between mathematical topics or among the processes used to solve
mathematical problems. If mathematics is composed o f independent topics and skills
it is not necessary to try to uncover and use relationships and connections between
them.
The results of the administrations of the CMI in both May and January
indicated that the participants generally believed that mathematics was a coherent
system. As displayed in Figure 6, the average ratings in this dimension did not
change much between May and January. In both May and January, approximately
96.7% of the participants had averages above 3.5. The January ratings had one fewer
student with a rating above 4.5 than did the May ratings. This data indicates that at
both times almost all of the students believed that mathematics is a coherent system
and that the concepts, principles, and skills that they were learning were connected to
each other.
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Structure of Mathematical Knowledge
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Figure 6. Histograms of Structure of Mathematical Knowledge Averages.
Descriptive statistics for these two distributions are provided in Table S. The
data indicates that the mean and minimum value increased between May and January,
but the median of the two data sets was the same. The maximum value and the
spread of the data decreased.
Table 5
Structure of Mathematical Knowledge Survey Results
N

Mean

Median

Min

Max

SD

May

92

4.6671

4.7500

3.13

6.0

.5388

January

92

4.6943

4.7500

3.38

5.75

.5046

A paired t-test was used to test the null hypothesis: There is no statistically
significant change in students’ conceptions of the structure of mathematical
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knowledge between the end of their senior year of high school and the end of their
first semester of college mathematics. No significant difference (p = .643) was found
between the May and January dimension averages. This indicates that the student
conceptions of the structure of mathematical knowledge were stable during this
period of time. At both times the students held fairly strong beliefs that mathematics
was not a collection of isolated facts but rather was a coherent system and that what
they learned at one point in time would be useful at other points in time.
Status of Mathematical Knowledge
The poles of this dimension are mathematics as a dynamic field and
mathematics as a static entity. If students believe that mathematics is a dynamic field,
they believe that mathematics is growing and changing and that this growth impacts
the discipline as a whole. On the other hand, if they believe that it is a static field,
they believe that mathematics is a collection of information that remains fixed once it
is developed. If students see mathematics as dynamic, they are more likely to be
willing to see how learning new things in mathematics may require them to revise and
expand what they already know. Also, if students see mathematics as dynamic, it is
more likely that they can see themselves somehow contributing to the field of
knowledge. If mathematics is viewed as static, then learning mathematics may be
seen as simply learning what you are being shown and not looking for new
connections and applications of the mathematics.
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The participants in this study generally believed that mathematics is a
dynamic discipline. The histograms shown in Figure 7 indicate that overall the
average ratings in this dimension decreased between May and January. In May,
96.7% of the participants had average ratings in this dimension that were greater than
3.5, indicating that they believed that mathematics was a field that was changing. In
January, only 85.9% of the participants had ratings above 3.5. Further, there are no
ratings above 5.5 in January and in May there were three students with ratings above
5.5. This indicates that in January there were no students who strongly believed that
mathematics is a dynamic discipline but that in May three of the students held strong
positive beliefs in this dimension.
Status of Mathematical Knowledge
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Figure 7. Histograms of Status of Mathematical Knowledge Averages.
More details about the statistics for the participants’ ratings in this dimension
are provided in Table 6. These statistics further support a decrease in the ratings
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between May and January. Note that the mean, minimum, and maximum decreased
and that the median and standard deviation increased.
Table 6
Status of Mathematical Knowledge Survey Results
N

Mean

Median

Min

Max

SD

May

92

4.3356

4.2500

2.88

5.88

.5541

January

92

4.2228

4.3125

2.00

5.50

.6424

The null hypothesis for this dimension was: There is no statistically
significant change in students’ conceptions of the status of mathematical knowledge
between the end of their senior year of high school and the end of their first semester
of college mathematics. In order to test the significance of the apparent decrease in
this dimension a paired t-test was applied to the data. This analysis showed that the
decrease was not statistically significant at the desired level (p = .093). This indicates
that at the end of four years of studying CPMP, these participants saw mathematics as
a dynamic field and that they continued to believe this after their first semester of
college mathematics. The survey results do not provide insight into why or in what
ways these students felt that the field of mathematics was growing and changing.
Doing Mathematics
This dimension captures whether the participants believed that doing
mathematics is more concerned with sense-making or with obtaining results. The

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

conception that doing mathematics is about making sense reflects a belief that doing
mathematics depends on thinking and figuring things out. Being successful at
mathematics depends on understanding the concepts and principles that make up the
mathematics. In contrast, if a person believes that doing mathematics is about
obtaining results, he or she will be more concerned with implementing procedures
properly and being sure the results are accurate. For people with this belief about
doing mathematics, one does mathematics by following step-by-step procedures that
are known to produce correct results. It is not important to someone with this
conception to understand why the procedures work.
The survey results indicate that as a group the participants overwhelming
believed that doing mathematics was about making sense. As the histograms in
Figure 8 indicate, the ratings in this dimension were quite strong: 98.9% of the
Doing Mathematics
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Figure 8. Histograms of Doing Mathematics Averages.
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participants had ratings above 3.5 in both May and January. Additionally, the
histograms indicate that a higher percentage of the participants had ratings above 4.5
in January than they did in May. Table 7 provides descriptive statistics for this
dimension. Note that the mean, median, maximum, and standard deviation increased
and that the minimum decreased.
Table 7
Doing Mathematics Survey Results
N

Mean

Median

Min

Max

SD

May

92

4.5666

4.5000

3.50

5.63

.4894

January

92

4.6128

4.6250

3.13

6.00

.5055

A paired t-test was completed to test the null hypothesis that there is no
statistically significant change in students’ conceptions of doing mathematics
between the end of their senior year of high school and the end of their first semester
of college mathematics. For this t-test, p = .394 and thus there is no statistically
significant change in the ratings for this dimension. Upon graduating from high
school, the participants held strong beliefs that doing mathematics is more
than following step-by step procedures. It involves making sense out of the concepts
and procedures that are being learned. Furthermore, the participants continued to
believe this after one semester of college mathematics.
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Validating Ideas in Mathematics
The poles of this dimension are validation through logical thought and
validation by an outside authority. Validation through logical thought reflects a belief
that the validity of mathematical knowledge can be determined through logical
thought, reasoning, and reflection and does not require that someone else tell you that
you are right. Validation by an outside authority represents a belief that a book,
teacher, more knowledgeable peer, or mathematician must validate mathematical
knowledge. A person who believes that mathematical knowledge can be validated
through logical reasoning is more likely to try to determine for themself if a result is
correct or if a process works and, in so doing, is more likely to deeply engage in
mathematical situations than is someone who works a problem and then goes to an
outside authority for validation.
The ratings in this dimension indicated that most of the participants in the
study believed that mathematical knowledge could be validated through logical
thought. Once again the histograms (See Figure 9.) indicate that the ratings in this
dimension did not change much between May and January. At both times over half
of the students had ratings between 3.S and 4.S and another one third of the students
had ratings between 4.5 and 5.5. Also note that the minimum rating for both
administrations of the survey was above 2.5, indicating that the conceptions of those
participants who indicated that an outside authority was needed to validate
mathematical knowledge were not strongly held conceptions.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

69
Validating Ideas in Mathematics
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Figure 9. Histograms of Validating Ideas in Mathematics Averages.
The descriptive statistics for this dimension, provided in Table 8, also indicate
the similarities in the May and January ratings regarding student conceptions about
how mathematical ideas are validated. The statistics indicate a slight decrease in the
mean and median values and a slight increase in the minimum and maximum values.
Additionally, the spread of the data is slightly more for the January data than for the
May data.
Table 8
Validating Ideas in Mathematics Survey Results
N

Mean

Median

Min

Max

SD

May

92

4.2649

4.2500

2.88

5.38

.5475

January

92

4.2500

4.1875

3.00

5.75

.5962

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

The null hypothesis for this dimension, there is no statistically significant
change in students’ conceptions of validating ideas in mathematics between the end
of their senior year of high school and the end of their first semester of college
mathematics, was tested using a paired t-test. The results of the paired t-test applied
to the January minus May ratings indicated that the change in this dimension was not
significant (p = .802). That is, at both administrations of the CMI the participants felt
that mathematics is validated through logical thought and reasoning and the strength
of this conception did not change significantly over the course of the first semester of
college mathematics.
Learning Mathematics

This dimension measures what students think is important to do in the process
of learning mathematics. One end of the spectrum is learning as constructing
understanding and the other end of the spectrum is learning as memorizing intact
knowledge. If a person believes that constructing understanding is important in
learning mathematics then he or she believes that new knowledge is obtained by
fitting it in with old knowledge. This person will want to be actively involved in the
teaming process, will want to resolve conflicts, and will want to know how things fit
together. In contrast, the person who holds a conception of learning mathematics as a
process of memorizing intact knowledge will try to do that as best he or she can. That
is, to learn mathematics that person tries to store the information presented in a way
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they can recall and use at appropriate times. This learner is a passive receiver of
mathematical knowledge.
The ratings in this dimension all fell between 2.75 and S.S. As shown in
Figure 10, for both administrations of the CMI a large majority of the participants had
ratings between 3.5 and 4.5. This indicates that, for these students, learning
Learning Mathematics
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Figure 10. Histograms of Learning Mathematics Averages.
mathematics was more about constructing understanding than memorizing
information, but that this was not an extremely strong conception. The histograms of
the ratings in this dimension show a decrease in the percentage of ratings between 3.5
and 4.5 and between 4.5 and 5.5 and an increase in the percentage of ratings between
2.5 and 3.5. This indicates that in January more of the participants completing the
CMI disagreed with the conception of mathematics as constructing understanding and
those those who agreed, agreed less strongly than they had in May. The maximum
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rating of 5.38 in May and S.S in January (Table 9) indicate that none of the
participants held consistently strong beliefs in this dimension. The
Table 9
Learning Mathematics Survey Results
N

Mean

Median

Min

Max

SD

May

92

4.2106

4.2500

2.88

5.38

.5024

January

92

4.0870

4.1250

2.75

5.5

.5456

decrease in the mean of the ratings also indicates that the strength of the belief that
learning mathematics requires constructing understanding was less for the
participants in January than it was in May.
In order to determine if the change in strengths of the individual conceptions
in this dimension was statistically significant, a paired t-test was used to test the
following null hypothesis: There is no statistically significant change in students’
conceptions of learning mathematics between the end of their senior year of high
school and the end of their first semester of college mathematics. The t-test was
applied to the January minus May data and resulted in a p-value of 0.06. Since the
level of significance was set at the a = .OS, the change in conceptions in this
dimension is not considered significant. The participants believed that learning
mathematics requires constructing understanding and this belief did not change
significantly between the end of high school and the end of the first semester of
college.
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Usefulness of Mathematics
The two poles of this dimension are mathematics as a useful endeavor and
mathematics as a school subject with little value in everyday life. The statements
regarding mathematics as useful reflected the belief that the individual would use
mathematics later in life as opposed to only in other mathematics classes.
Overall the distributions of the ratings in this dimension were very similar in
May and January. The histograms (see Figure 11) show that for both administrations
these ratings are skewed left.

Usefulness of Mathematics
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Figure 11. Histograms of Usefulness of Mathematics Averages.
Overall the ratings in this dimension are higher than in any of the other
dimensions. In May, 96.7% of the participants had ratings over 3. S. In January, 87%
of the respondents had ratings over 3.S. A greater percentage of participants held
strong conceptions (rating greater than S.S) in this dimension than in any other:
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39.1% in May and 27.2% in January. The histograms show that the spread of the
ratings was greater in January than it was in May and that the overall ratings seemed
to decrease between May and January.
Descriptive statistics for the data can be found in Table 10. These statistics
also indicate that the ratings in this dimension decreased between May and January.
The mean, median, and minimum values decreased and the maximum value remained
the same. The standard deviation of the data was greater in January than it was in
May.
Table 10
Usefulness of Mathematics Survey Results
N

Mean

Median

Min

Max

SD

May

92

5.1889

5.25

3.38

6.00

.6873

January

92

4.8832

5.1250

2.50

6.00

.8977

To determine if there was any statistically significant change in the individual
ratings over the course of the first semester of college mathematics, a paired t-test
was applied to the following null hypothesis: There is no statistically significant
change in students’ conceptions of the usefulness of mathematics between the end of
their senior year of high school and the end of their first semester of college
mathematics. The results of the t-test (p = .000) indicate that the change in this
dimension is highly significant, with the January ratings being significantly lower
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than the May ratings. This means that the participants’ conceptions of the usefulness
of mathematics moved toward mathematics as a school subject with little value in
everyday life or work.
Summary
Overall the conceptions of the nature of mathematics and the nature of
mathematical activity were stable over the course of the first semester of college
mathematics. Box plots showing the dimension ratings for the participants in May
and in January are given in Figure 12.
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Figure 12. Dimension Box Plots Before and After One Semester of College
Mathematics.
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The box plots indicate that the median ratings were above 4.0 for all
dimensions except the Composition of Mathematical Knowledge. At both times the
conceptions regarding the usefulness of mathematics were stronger than any other
conception. The plots further indicate that the changes in conceptions were not large.
There were two dimensions for which the changes in the individual
conceptions were significant: Composition of Mathematical Knowledge and
Usefulness o f Mathematics. The conceptions of the composition of mathematical
knowledge decreased in strength. After a semester of college mathematics, students
believed that facts formulas and algorithms played a greater role in mathematics than
at the end of high school. It should be noted, however, that there was still a majority
that believed that mathematics was more about concepts, principles, and
generalizations than about facts, formulas, and algorithms. After a semester of
college mathematics, students’ conceptions of the usefulness of mathematics had also
decreased. They moved toward seeing mathematics as a school subject with little
value in everyday life or work.
The change in the ratings for the learning mathematics dimension approached
significance (p = .06). This indicates that the students’ conceptions did change some
in this dimension. After one semester of college mathematics these students believed
that memorization of intact knowledge played a larger role in learning mathematics
than they did at the end of high school. Although it should be noted that at both times
their conception averages were slightly more toward the positive pole of learning as
constructing understanding.
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While this analysis provides an overview of the stability of the participants’
conceptions of mathematics, it does not provide insight into why they might hold
such conceptions or how those conceptions are or are not reflected in the manner in
which the students work in mathematical situations. The next chapter will provide an
in-depth look at six students as they progressed through their first semester of college
mathematics. It will pay particular attention to how each student’s conceptions of
mathematics are or are not reflected in his or her mathematical activity.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

CHAPTER V
CASE STUDY REPORTS
In order to further explore students’ self-reported conceptions about the nature
of mathematics and mathematical activity, six students were chosen to participate in
case studies of their experiences during their first college mathematics courses. The
focus of the case study analysis is on the extent to which each student’s conceptions,
as indicated by the Conceptions of Mathematics Inventory, are reflected in the
student’s conversation and work in mathematical situations. Students were chosen
based upon the college they were attending and teacher recommendation as described
in Chapter III. Three of the students attended one large Midwestern university,
referred to as Southern University, and enrolled in calculus, and the other three
attended a different large Midwestern university, referred to as Northern University,
where two enrolled in precalculus and one enrolled in calculus. Each student
participated in five interview sessions with the researcher. The first and last were
semi-structured interviews asking the student to describe his or her mathematics class
(either high school or college) and the middle three were problem-solving sessions.
(See Appendices B and C for questions and problems used during interview sessions.)
In order to help develop a better overall description of the mathematical
learning environment for each student, each instructor completed the CMI and
participated in a one-hour interview with the researcher. The purpose of the interview
78
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was to provide the instructor an opportunity to elaborate on his responses to the CMI
and his conceptions of the nature of mathematics and the nature of mathematical
learning. I also observed several of the class sessions for each of the mathematics
courses in which the participants were enrolled.
This chapter gives in-depth descriptions of the mathematical experiences of
the participants, with particular focus on the conceptions of the students as portrayed
through their interview sessions.
Calculus at Southern University
Three of the case study participants were enrolled in calculus at Southern
University. The mathematics department at the university tried to ensure that all
students enrolled in calculus had similar experiences and, because of that, there were
many similarities among the three calculus sections in which the case study
participants were enrolled. This section provides a general description of Calculus 1
at Southern University.
The text for all sections of calculus was the Harvard calculus consortium text
(Hughes-Hallett et al., 1998). Graphing calculators were required for the course.
Although the instructors’ attitudes toward calculator use varied some from section to
section, students used graphics calculators during most of the class sessions. Section
instructors attended a multi-day training workshop, provided by the mathematics
department, before beginning to teach the course. This workshop was intended to
give the instructors information about, and experience with, alternatives to lecturing
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in the classroom and an introduction to the importance of students constructing their
own mathematical knowledge. In order to encourage collaborative group work
during the class sessions, all calculus classes met in rooms with eight small square
tables designed to each accommodate four students.
The formal assessment of students in the course consisted of classroom
quizzes, group homework assignments, and three course-wide uniform exams. The
classroom quizzes were planned and written by each individual instructor and so
varied from one section to another. All homework that was turned in was completed
in groups of approximately four students. The assignments were uniform throughout
all sections of the course and consisted of four or five of the more difficult problems
from the sections of the textbook that had been covered the previous week. Students
were supposed to meet and complete these problems together after some initial
individual thought. However, based upon the reports of the case study students, quite
often each group divided up the problems, each group member did his or her assigned
problem, and then members of the group got together and wrote up the solutions.
Individual homework assignments, intended to be completed between class meetings,
were also given, but they were not collected or graded. They were sometimes
discussed during the class meetings. There were two course-wide midterm exams
and a course-wide final. These exams were given in the evening so that all students
could take them at the same time. The midterm and final assessments were primarily
composed of questions that required students to apply the mathematics they had been
learning and to use the appropriate mathematical concepts. Students were required to
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show and explain their work. These exams did not contain questions designed
primarily to test skills.
In order to test differentiation skills, approximately half way through the
course, after covering all sections on differentiation of functions, students had to pass
a 10-question differentiation skills test. Within a several week period, students could
take this test as many times as necessary and had to correctly complete seven out of
the ten differentiation problems in order to pass the test. If they did not pass the test
in the allotted time, their grade on the final exam was lowered by one-half grade. The
exam grades and final grades for the course were scaled on a curve based upon the
performance of students in all sections of the course.
The following sections will describe the conceptions held by each of the
students at Southern University and the stability of those conceptions. The
descriptions are based upon each student’s CMI responses and the interviews and
problem-solving sessions that occurred throughout the semester.
Rita
Rita attended high school in an affluent suburban community. In all of her
high school mathematics classes she earned As. She also reported having enjoyed her
high school mathematics classes. In describing herself as a mathematics student she
said, “I do really well in math, but I pick it up easily. Like faster than most students.
I think I have to understand it and I understand it more quickly than other students,
but when it comes to the basics, I don’t do that well.” When asked what she meant by
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the basics she talked about algebraic manipulation skills. Overall I would say that
Rita was a strong student who had confidence in her ability. She had high
expectations for herself and believed that she could do well.
Rita’s Calculus Class and Instructor

Rita attended Southern University where she intended to study a premedical
curriculum and enrolled in Calculus 1. The class met three days a week, for 90
minutes each time. On days when there were not quizzes, the class began with the
instructor, Mr. S, answering questions that the students had on their individual
homework problems. He then usually gave a 20-30 minute presentation of the new
material. During this time he would try to involve students by asking them recall
questions. The remaining portion of the class was spent with the instructor asking
students to work problems at their tables and then discussing the problems. These
problems were varied and included both conceptual problems and computational
problems with slightly more emphasis being given to computational problems.
Although he told students to work together, there were no formal mechanisms in
place to make this happen other than the arrangement of students at tables. While
students were working on a problem, he would sit at a desk in the front of the room
and solve the problem or do some planning and after a short while he would move
from group to group and, if necessary, show some students how to work the problem.
He rarely asked questions that directed the students toward finding a solution path for
themselves. There were always some groups who did not work on the problem at this
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time but rather waited for it to be explained to the class. After most of the students in
the class had correctly solved the problem, by themselves or with the instructor’s
direction, Mr. S would lead a discussion of the problem. He would present the
solution using what he saw as the best way to solve it. Alternative solutions to the
problems were rarely considered. If time permitted, he would end class by lecturing a
bit more to clarify the material from that day or he would provide a preview of the
upcoming material. Once a week he would give a quiz at the beginning of class.
During both the homework review time and the lecture time, there were often
students who did not appear to be paying attention. As the semester progressed, this
section had a big drop in attendance so that toward the end of the semester there
would often be only half of the enrolled students in class for any given day. On quiz
days, some students would take the quiz and then leave.
Mr. S’s responses to the Conceptions of Mathematics Inventory reflected very
strong beliefs, with almost all responses being scored as 6. These same conceptions
were also evident in our interview. When asked what he thought was important for
students to learn in the calculus course he replied: “I want them to know that math is
not just about being able to execute a certain procedure.” When asked what they
should know about derivatives he indicated that they should know how to take them
but they should also know what the derivative indicates about a function. So, for him,
the more important parts of mathematics were the concepts, generalizations, and
principles. He felt that memorization of definitions was important but was only a first
step. He had no doubts about the connectedness of mathematics. For him
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mathematics was a coherent system. Mr. S knew from his own research that
mathematics as a field was changing. He believed that doing mathematics was
mostly about figuring things out. This is reflected in the following statement: “When
it comes to solving a math problem, that really only one rule is there, and that is that
you think, you use your brain, and if necessary you be creative.” When asked if he
thought that students could learn mathematics on their own he believed that many of
them could but that they might develop misconceptions that they would need
someone else to help them correct. So his response to questions relating to how
mathematics is validated were somewhat varied. The manner in which mathematical
knowledge could be validated seemed to depend on the ability level of the learner, not
on the nature of mathematics. For him, learning mathematics is a composite of
memorizing and constructing understanding. He sees memorizing definitions as
important but certainly not enough. He very strongly felt that to be successful the
learner had to really engage with the mathematics. However, he also felt that most of
this engagement could be done individually outside of class after the groundwork had
been laid in class. Finally, Mr. S had no doubts about the usefulness o f mathematics
and even indicated that he thought that if students knew how useful mathematics was
to them they might have more motivation to learn mathematics.
The results of both of Rita’s conceptions of mathematics surveys and those of
Mr. S are shown in the bar graph in Figure 13.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

85
7

Composition

Stiucture

Status
B Mr. S

Doing
Validating
Learning
Category
B Rita May
□ Rita Jan

Usefulness

Figure 13. Bar Graph of Rita’s and Mr. S’s CMI Ratings.
The overall pattern of Rita’s conceptions did not change much during the
semester. In addition her actions and statements during the interviews seemed to
support the conceptions indicated by the CMI. Rita’s conceptions in each of the
seven dimensions will now be considered in more depth.
Composition of Mathematical Knowledge
Rita’s rating in this category in May was 4.375 and in January was 4.25 with
responses ranging from 2 to 6 at both administrations. She believed that mathematics
is more about concepts, principles, and generalizations but disagreed with the
statement that computation and formulas are only a small part of mathematics. This
view of the composition of mathematical knowledge was supported by comments and
problem-solving actions throughout the semester. In our first interview, when asked,
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“What is mathematics?” she responded by saying, “Various concepts that you have to
try to understand. I think mathematics is just sort of like teaching you a basic way
with numbers where they can relate like so that you can understand different concepts
that will help you in the future with the real world.” In our final interview, when I
asked her what were the three most important things they were supposed to learn in
calculus that semester, she replied, “The big one was differentiation, derivatives, and
stuff. ... Inverse relationships, that was probably one of the bigger ones too.” When
asked what was important about differentiation she replied, “The idea of the rate of
change, the whole idea. Not necessarily being able to calculate it, just the whole idea
and how it applies to everything. ... You just had to understand the concept
basically.” These responses to general questions suggest that for Rita mathematics
was about the general concepts and not just rules, formulas, and algorithms.
This conception of Rita’s was also supported by the fact that she was able to
explain basic concepts of calculus in the interviews and that she used general
concepts to help her solve problems. For example, she could explain why the first
and second derivative rules are what they are rather than just having the rules
memorized. To explain how she could use the first derivative to determine if the
point was a maximum, a minimum or neither she said,
An easy way is if your units are in one and you can do, you check where, what
f prime, the sign of f prime of x minus one equals, and f prime of x plus one
equals, and compare it to f prime of x. And if it goes from, if this goes from,
if this is positive and this is negative that means that it’s a maximum because,
wait, increasing, decreasing, yeah, when the derivative is positive that means
when derivative has positive values for x it means that the function is
increasing, so then when it’s positive to negative you’re saying it’s positive,
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the derivative is positive, and then at this point it goes, the derivative goes
negative so therefore the function is decreasing, and this shows a maximum.
Throughout the above explanation and in the rest of the task she used sketches of
graphs and reasoned from them to help explain why the derivative rules made sense.
Another example of Rita using general concepts occurred when, during our
first problem-solving session, she was asked to find the zeroes of h(x + 3) given the
graph of h(x). To find the zeroes she used the general concepts of graph
transformations and the fact that to get the graph of h(x + 3) she simply had to shift
the graph of h(x) horizontally to the left 3 units.
The biggest change in her responses to statements in this category on the CMI
was to the statement, “In mathematics there are many problems that can’t be solved
by following a given set of steps.” Her response changed from slightly agreeing to
strongly agreeing. Her explanation for this was that" ... you have to understand it,
you can’t just be given a set of steps ... you have to understand what you’re doing to
be able to solve it completely ... you have to understand it to solve something, to
understand what you are doing. Not necessarily just come up with an answer.” This
response indicates that for Rita mathematics was more than just sets of steps. To
know mathematics she needed to understand the concepts as well as to know which
steps to follow.
Structure of Mathematical Knowledge
Rita’s rating in this category in May was 5 and in January was 4.875. Her
scored responses ranged from 2 to 6 in May and from 3 to 6 in January. These ratings
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indicate that Rita thought of mathematics as a coherent system rather than as a
collection of isolated facts. This view is strongly supported in all of her interviews.
She saw the connections between what they had done at the beginning of the semester
and what they were doing at the end of the semester. In the first interview she made
statements such as: “... with math you have to know, you have to remember what you
learned in previous years to learn new concepts.” and “ a lot of the things we did
senior year were dependent upon what we had already learned, especially with like
graphs and functions. That topic came up every year ... but every year you learn
something new about it, but you have to know what you learned in previous years.”
In the final interview, this conception was reflected in statements such as: “ Because
in calculus we did a lot of comparing new ideas to old ideas.... When you compare
it you could, because you already understand the old ideas, pretty much like you
understand the whole concept, and so when you compare it, which we did a lot of, we
could understand new ideas more.”
This conception was also reflected in the problem-solving sessions during
which Rita used multiple representations of functions in her work and was able to use
graphs to help support her explanations. For example, after using algebraic reasoning
to determine that there were not any points on the graph of the function
x
1
—3
y = —- — —- where the slope was — , she was able to use graphical reasoning to
_3

check her solution; She graphed the derivative function and the function .y = — and
saw that there were no points of intersection. Rita used graphical reasoning such as
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this quite often to support and check her algebraic reasoning. This knowledge, that
there were different ways to represent a situation and that the solution to a problem
should be the same regardless of the representation used, is an indication that for Rita
these different branches of mathematics were part of a coherent whole.
Rita also expected new problems to be related to what she had been learning
and would look for the connections. During the second problem-solving interview,
she struggled with solving the following related rate problem about air speed and
ground speed of an airplane.
A radio navigation system used by aircraft gives a cockpit readout of the
distance, s, in miles, between a fixed ground station and the aircraft. The
system also gives a readout of the instantaneous rate of change, ds/dt, of this
distance in miles/hour. An aircraft on a straight flight path at a constant
altitude of 2 miles has passed directly over the ground station and is now
flying away from it. What is the speed of this aircraft along its constant flight
path when the cockpit readouts are s = 4.6 miles and dsldt = 210 miles/hour?
In the midst of her trying to find a solution method she paused for a short while.
When I asked her what she was thinking, she replied, “I’m thinking that it’s like we
did that one where you drop a pebble in the water and the area is increasing. Is it like
that one?” This connection then allowed Rita to solve the problem.
These examples along with Rita’s responses to the statements on the CMI
indicate that she held a strong conception of mathematics as a coherent system. In
our conversations she talked about how things were connected and in the problem
solving situations she used the connections to help her solve problems.
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Status of Mathematical Knowledge
Rita’s rating in this dimension in May was 4.62S and in January was 4.37S.
At both times her responses ranged from 2 to 6. This suggests that Rita saw
mathematics as a dynamic field. This dimension was not strongly reflected in any of
the interviews. When asked about the field of mathematics changing she replied, “I
think it’s become more of we need to relate to the real world type thing where it’s not
just learn your times tables.” Her focus seemed to be more on the changes in the
ways that mathematics was being taught than on the changes in the field of
mathematics itself.
Doing Mathematics
This is one of two dimensions in which Rita’s rating increased. Her rating in
May was 5.125 and her rating in January was S.62S. At both times her scored
responses ranged from 4 to 6. However, in January there were only two responses
below 6. This indicates that Rita felt very strongly that doing mathematics was about
making sense.
As in most of the previous dimensions, this conception was strongly reflected
in all the interviews. Rita repeatedly indicated that students needed to understand
what they were doing; that getting the correct answer was not enough. She knew that
she had to be able to explain what she was doing, not just be able to do it. When
talking with me about how the group homework assignments were going, she
expressed frustration that her classmates would not clearly explain why they were
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doing something: “Our new group, we just sort of like get the answer and whoever
the scribe is sort of explains how we got it. And that’s really bad and I’ve tried to tell
them, write it like this or explain it like this and they are just like ok, whatever.” Rita
very much appreciated the opportunity to solve problems collaboratively during class
but she was frustrated that her instructor did not spend time making sure that the
students understood the solutions to the problems worked during the class meetings.
This frustration is reflected in the following statement that Rita made during our
second problem-solving session: “Like some of the people in the class do not
understand. He doesn’t stick with it and he’s just like that is the way it is.
Whatever.” This statement reflects Rita’s belief that understanding is more important
that just being able to get the correct answer.
This belief is also reflected by the fact that Rita usually tried to make sense
out of problems that she was asked to work during the problem-solving sessions. If
Rita got stuck when working a problem, she would go back and reread the problem to
try to see what she might have missed and how it could help her. She expected that
she would be able to solve the problem. Never did she just say I don’t know how to
do this or we haven’t worked one like this before. When she would finish an
application problem she would look at the setting and see if the solution she had was
reasonable. If not, she would suspect that she had made a mistake. For example
when solving the related rate problem during the second problem-solving session,
after quite a bit of stopping and starting, Rita arrived at an answer o f25.35 miles per
hour for the speed of the airplane. Upon arriving at this solution she immediately
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said, “That makes no sense,” and began to look for her mistake. Although she was
unable to find her mistake she knew that something must be wrong because her
answer did not fit the situation. Rita’s conception that sense making was more
important than just getting the answer when doing mathematics was reflected in both
our conversations and her actions in mathematical settings.
Validating Ideas in Mathematics
Rita’s rating in this dimension decreased by quite a bit. In May her rating was
4.5 and in January it was 3.75. The range of responses in May was from 3 to 6 and in
January it was from 2 to 6 with two statements receiving answers of 2. After a
semester of college mathematics, Rita’s responses on the CMI indicated that she was
more dependent on an outside authority to validate her mathematical thinking. Rita’s
experience was that there were fewer alternative solution methods in college than in
high school. Her response to the statement, “ When your method of solving a
problem is different from your teacher’s method, your method could be as correct as
your teacher’s,” changed from strongly agree to slightly agree. When asked why, she
said, “In college it’s basically straightforward, everything’s given to you pretty much,
you pretty much assume that everything’s right, everything is, because it’s really like
basic calculus here, it’s the basic facts and stuff.” She saw this as a difference in the
mathematics they were learning. In high school she felt there was more than one way
to solve most problems and they were encouraged to find them. However, in college
she felt that it was more basic stuff and alternative solutions were not as encouraged.
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In reference to her mathematical experiences she said, “And just because the teacher
does it one way, doesn’t mean that yours is wrong. You just have a different way of
doing it.” She did say that in both high school and college her instructors accepted
alternative solutions.
The conception of not being able to validate her work was not strongly
reflected in our interviews and problem-solving situations. She did expect the book
and teacher always to be correct but she also believed that she could figure out correct
solutions. When discussing how the semester was going for her and what she was
doing to learn mathematics she often talked about convincing herself or working with
her friends to figure out how to do a problem. In reference to the group homework
experience she said, “It helped a lot. Group homework was really hard; I don’t think
I’d be able to do it on my own. I could see how other people figured things out and
that helped me in the way I could figure stuff out. That helped a lot.” This statement
indicated that Rita wanted to know that she was right and that working with and
talking about the mathematics with other students helped her to validate her own
work. She reasoned, with the help of her classmates, to a point where she knew that
her solution was correct. She did not seem dependent on an outside authority to be
convinced of her answers. She seemed to have ways to check her own work and was
willing to defend her methods.
A specific example of this reliance on her own reasoning and that of her peers
occurred when they were studying for the first course-wide exam. They were going
over the practice exam in a group. The recollection that she provided of that evening
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illustrates her belief that she and her peers can reason to a correct solution and that
they can be confident of the correctness without relying on an outside authority:
Wednesday night I actually explained each solution in two sentences using
the proper terms and correct grammar and everything. I actually did it. It
makes sense and I knew I was right because we were doing it in a big group
and I would explain it to them, why I am right and they’re like, oh yeah, I
remember that from class. Or if I was wrong they would explain it to me,
what I was doing wrong, and then I understood what I was doing wrong. ...
There are answers on the web. But, I didn’t really need them. I didn’t find it
necessary. Kindoflikelknew.
Rita’s belief that it was necessary to be able to justify and explain her work
was evident throughout all of our interviews. The following is an example, from the
second problem-solving session, of Rita working hard to explain her thinking. She
was looking at the equation N(t) = —
l + 5000e

.... representing the total number of

people who have contracted a disease by a time /, and trying to explain how many
people will contract the disease in the long run. She began by substituting 10,000 in
for I, and using her calculator to evaluate the expression, arrived at 1,000,000 people
as the answer. When I asked her to tell me more about that answer she provided the
following explanation.
So in the long run you’re saying that t goes to infinity making this number
huge, (referring to the 0.1/) and it’s because it’s a negative you’re saying it’s
one over e to that power, which makes this (e~° u) closer and closer to zero.
And when you multiply anything by zero, in this case the 5,000, it’s going to
equal zero, and you’re adding one to it, so it’s going to be one. So when /
goes to infinity you are just going to have one million over one. Therefore
your people who have contracted the disease is going to be one million.
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The above answer was arrived at after several starts. She kept working at the
explanation until it was clear and logical. In each of our problem-solving sessions
this attention to clear and convincing explanations was evident.
As illustrated above, Rita’s conceptions and actions relative to this dimension
seem to be somewhat inconsistent. Her responses to the CMI statements indicate that
she believes that an outside authority is often necessary to validate her answers.
However, her actions in mathematical situations seem to indicate that she does
evaluate her own work, that she often does so quite accurately, and that she works
hard at and values being able to explain her solutions.
Learning Mathematics
In May Rita’s rating in this dimension was 4.125 and in January it was 4.75.
These ratings indicate that she believed that learning mathematics required
constructing and understanding not just memorizing. However, both times she
completed the CMI, she responded by strongly disagreeing to the statement,
“Memorizing formulas and steps is not that helpful for learning how to solve
mathematics problems.” In our discussions about the role of memorization she
indicated that she often needed to know the steps but that that wasn’t enough. “You
have to understand it, not just know the formula, ... You can’t necessarily just do a
problem when you know the formula. Because formulas are easy to memorize, and
you have to understand the concepts.” So the low rating on this question was because
she felt that knowing the steps or the formula was often necessary and was therefore
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helpful. However, overall during the semester her belief that learning mathematics
was about constructing and understanding seemed to get stronger. As already
discussed, she believed that memorization was not enough to learn mathematics. She
believed that to learn mathematics she must be doing it and that she can learn it by
doing it. Her response to the statement, “You can only learn mathematics when
someone shows you how to work a problem.” changed from slightly disagreeing in
May to strongly disagreeing in January. When asked to explain this change she said,
“In college you’re on your own and you don’t necessarily always have someone to
show you, and so it’s not like you’re not going to learn when someone isn’t there to
show you. You can do it yourself, so that’s what college is like, that’s how we had to
do it.”
Rita also believed that thinking was important in solving problems. During
the first problem-solving session we had a brief conversation about how she thought
the first exam went. She provided the following explanation about how she had
worked on the solution to a problem which she initially had no idea how to solve.
I went back to it and I kind of worked it out. I went like it gives you an
equation for the monster population and so I just wrote that down and I kinda
went through it step by step and said ok, this is what happens, this is how
many days it takes for the island to disappear according to the monster
population equation. And then I realized what they wanted to find out was at
what days will those equations be equal, at what time. And then I figured it
out from there.
This explanation illustrates that for Rita thinking is more important than just applying
a memorized set of steps. She was able to take a situation that initially confused her
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and figure out how it connected to the work they had been doing and then work her
way to a correct solution.
Rita was also clear about the importance of her doing problems. In her
explanation of what she did to study for this course she indicated that doing problems
and understanding them was important to her: “I read the sections. I did the problems
at the end of the sections. I did all the practice exams. And if I didn’t understand it
I’d see why I couldn’t do it.” Near the middle of the semester Rita was choosing not
to attend all of the class meetings because she did not find them very helpful in
getting her to understand the material. When I asked her what the instructor might do
differently she said, “He just like summarizes the chapter. I’d rather be doing
problems and just seeing how things are going to work out or what we don’t
understand.” She felt strongly that developing understanding was important and that
the best way to do that was for her to work problems and ask questions when she
needed to.
Rita’s conception in this dimension was probably stronger than the ratings
from the CMI indicate. She seems to believe strongly that in order to learn
mathematics she needs to build understanding o f the material and not just memorize
steps that are shown to her. She does see a need to memorize some things but as she
said, “If I don’t understand it, I can’t memorize it.” So for Rita the understanding
should precede the memorizing.
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Usefulness of Mathematics
Rita’s rating for this dimension in both May and January was 6. She had no
doubt that she would use mathematics in her life. This was reflected in what she said
during our conversations. She did not see taking mathematics as a waste of time. She
wasn’t exactly sure how she would use it in school or outside of school but was sure
she would.

Cathy
Cathy attended high school in an upper-middle class suburban community.
She did well throughout high school, receiving As in all her mathematics classes. In
our initial conversation, when asked to describe herself as a mathematics student she
said, “I try really hard, it’s just, ... I’m not bad at it, but I’m not as good as I want to
be. And I kind of have a math anxiety thing where every time I like, here do this
problem, I tense up.” This theme continued throughout our interviews. She
repeatedly said that she felt like she wasn’t as strong in mathematics as those around
her and that she wasn’t showing all she knew on the tests. Cathy’s high school had
both CPMP and traditional mathematics classes available for the students. She took
CPMP because her parents thought it would be better for her. At the end of four
years of CPMP mathematics she felt “good and bad” about the mathematics she had
in high school. Good, because it had helped her to “understand concepts and to apply
them in the real world and to be able to explain things.” Bad, because she felt as
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though she didn’t do as well on standardized tests as she might have if she had taken
the traditional mathematics classes.
For college, Cathy attended Southern University and, based upon the
placement test results, enrolled in Calculus 1. Cathy was intending to major in some
type of engineering. She was attracted to that program of study because she thought
it would be interesting and she had several relatives who were engineers. She also
indicated that it would “force her to get real good at math, and that’s something that I
really want to do because it scares me to death and I kind of want to get over it.”
Cathy’s Calculus Class and Instructor

Cathy did not have a great amount of in-class instruction time. Her section of
calculus met only two days a week in the evening. Each class meeting was scheduled
to begin at 6:00 and end at 8:00. However, the classes that were observed began
around 6:10 and ended sometime between 6:S5 and 7:20. This section also lost two
meeting times because the two course-wide midterm examinations were scheduled
during the class meeting time.
Each class session began with Dr. D presenting a short (10-15 minute) lecture
on the material that students were to have read before coming to class. During this
time he reviewed the major concepts and illustrated them by giving examples similar
to those in the book. He would try to get students to participate by asking them very
straightforward questions and if no one answered he would either call on someone for
the answer or would answer it himself. The students rarely had any questions for
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him. After the lecture period, the class began work on the problems that had been
previously identified by the course coordinator. These problems tended to be a mix
of conceptual and computational problems. At the beginning of the semester he
would often ask the students to work these problems at their tables. During this time,
he would move from group to group, answering questions and giving hints. He
would then ask a student to present the solution on the board. If the student indicated
that they were unsure of the correctness of the solution he said that was ok because it
would at least give them something to discuss and encouraged the student to put what
he or she had on the board. Dr. D would then try to run a discussion of the problem
but the students were very reluctant to participate. When no students were
participating he would sometimes call on specific students and at other times he
would just solve the problem himself and give up on student participation. During
our interview in the middle of the semester, Dr. D indicated that he was frustrated
with the class. As the semester progressed, the amount of student participation during
class seemed to decrease and Dr. D just worked the problems out himself with
perhaps a little bit of student input.
Throughout the semester there were few student questions, either regarding
the homework or the work done in class. The quizzes that were given in this class
were hand written (often somewhat hard to read) and often covered material that had
been completed a week or two before.
Dr. D’s responses to the CMI statements were primarily 4 or S. However they
ranged from 2 to 6. Thus Dr. D’s ratings in all but the composition of mathematical
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knowledge dimension are between 4.S and S. When discussing his responses, he
asked about what level of mathematics and mathematics student the statements were
referring to. I told him to think about the calculus level and he indicated that he had
responded with that level in mind. He indicated that more memorization and
following of steps was needed at the calculus (and below) level than at higher levels.
Statements relating to the need to understand why you are doing something tended to
have lower scores. Dr. D indicated that at the calculus level it was important that the
students at least be able to solve the problems and that, if necessary, the
understanding could be developed later. However, he did work conceptual problems
during his class and he did expect students to make connections to what they had
learned earlier. He also indicated that he thought students were relying too much on
calculators. This belief was reflected in the fact that he very rarely integrated the use
of the calculator in class sessions and at times even discouraged students from using
them at all.
The CMI ratings for Cathy and Dr. D are presented in Figure 14. From the
bar graph it can be seen that in all but two dimensions, Composition o f Mathematical
Knowledge and Learning Mathematics, Cathy’s initial ratings were higher than Dr.
D’s. In addition, in all but the Composition of Mathematical Knowledge the
Usefulness of Mathematics dimensions, Cathy’s ratings moved toward Dr. D’s over
the course of the semester. It is also important to note that Cathy’s rating decreased
in all dimensions except Learning Mathematics. Cathy’s conceptions and the changes
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that occurred over the course of the semester are considered in more depth in the
following sections.

7

Composition

Structure

Status

Doing

Validating

Learning

Usefulness

Categoiy
ODr. D ■ Cathy May □ Cathy Jan

Figure 14. Bar Graph of Cathy’s and Dr. D’s CMI Ratings.
Composition of Mathematical Knowledge

Cathy’s rating in this category in May was 4.625 and in January it was 4.25.
Her responses ranged from 1 to 6 in May and 2 to 6 in January. These ratings
indicate that Cathy believes that mathematics is more about concepts, principles, and
generalizations than it is about rules, formulas, and algorithms. Cathy’s responses to
statements about the use of steps or procedures tended to be lower than her responses
to statements about the importance of concepts in mathematics. In May, Cathy
strongly agreed and in January she agreed with the statement: There is always a rule
to follow when solving a mathematics problem. In May she strongly agreed with the
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statement: Mathematical knowledge consists mainly of ideas and concepts and the
connections among them. In January she agreed with that statement. Her responses
on the CMI illustrate Cathy’s beliefs that concepts are at the center of mathematics
and that procedures and rules are important tools in solving mathematics problems.
She seems to place less importance on formulas and computation. These beliefs were
reflected in both our interviews and problem-solving sessions.
Cathy’s response to a question about the role of calculators in the
mathematics classroom illustrated her belief that concepts were more important than
computation;
I think you should be allowed to use them (calculators) anytime. It’s more
like you need to understand the concept more so than just plugging in
numbers, and I don’t think the calculators should really make a difference in
how, I mean, I guess people can get by without understanding things and
plugging things in, but I don’t think it should make a difference. You should
be allowed to use them.
This conception about the importance of concepts was also evident in our final
interview where Cathy indicated that the important thing about what they were to
have learned about derivatives was “Understanding how to use them and what they
meant and also how to arrive at them.” When trying to explain what mathematics
was she said, “It’s a way of thinking and explaining things, like situations in terms of
numbers and concepts.”
The inconsistencies in Cathy’s responses to the CMI are reflected in the
following statement, made during our first interview, regarding her reflections about
having taken CPMP mathematics during high school: “Like I am better at explaining
things verbally, I think, than if I took a regular math class, but just a lot of paper and
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pencil problems, I’m not real good with.” This statement illustrates the tension that
exists for Cathy between concepts, principles, and generalizations on the one hand
and rules, formulas, and algorithms on the other. Also, in our conversations
throughout the semester it became evident to me that concepts were important to her
but that when she was having trouble with the concepts or struggling with what to do,
she tried to find the correct rule or formula that would help her through the situation.
For example she knew what the second derivative would tell her the concavity of the
function but she could not explain why. Overall, our conversations reflected the
conception that both the concepts and the rules were important parts of mathematics
for Cathy.
This tension between the concepts and the rules was also reflected in our
problem-solving situations. When she was fairly confident of what she was doing she
would be able to draw on the concepts underpinning the problem at hand. For
example, in our first problem-solving session, when given three tables of values for
functions and asked to identify the exponential one, she immediately eliminated a
table where the values were not increasing. She said, “This one, it’s starting lower
and it’s getting higher, but then it’s going to start getting lower again, it’s not
something they do for exponential, like maybe it’s part o f a parabola or something
like that.” In determining which table of values would be matched by an exponential
function, she readily drew on her conceptual knowledge about the behavior of
different families of functions.
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However, when things were getting more difficult for her and she was unsure
of herself, she was more likely to rely on trying to find the correct rule or algorithm to
solve a problem. In that same interview, Cathy was completely stumped by the
following problem:
Each planet moves around the sun in an elliptical orbit. The orbital period, T,
of a planet is the time it takes the planet to go once around the sun. The
semimajor axis of each planet’s orbit is the average of the largest and the
smallest distances between the planet and the sun. Johannes Kepler (15711630) discovered that the period of a planet is proportional to the j power of
its semimajor axis. What is the orbiting period (in days) of mercury, the
closest planet to the sun, with a semimajor axis of 58 million km? The
semimajor axis of the earth is 150 million km. [Hint: What is the earth’s
period?] (Hughes-Hallett et al., 1998, p. 73)
When she was initially trying to solve the problem, I asked her what it meant to say
something was proportional to something else. Her response was: It means that
you’re just multiplying or you’re not, like as one factor increases the other would
increase. I don’t know.” In later discussion during that same interview, she seemed
to imply that she just didn’t know what rule, formula, or set of steps to use to solve
this problem. She said, “No, I just, sometimes if you give me a lot of information, I
won’t always know exactly what I’m supposed to do with it.”
So for Cathy, mathematical knowledge seems to be composed of concepts,
principles, and generalizations; and rules, formulas and algorithms. Whether she
draws on the concepts or the rules seems to be related to her overall level of comfort
with understanding of the material. When she was struggling during the semester,
she made the decision just to memorize the rules and procedures and then to go back
and try to figure out the underlying concepts. For Cathy, there seems to be tension
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between the two poles of this dimension and she seems to be constantly struggling not
to let one view of what’s important in mathematics become dominant.
Structure of Mathematical Knowledge

In May, Cathy’s rating in this dimension was 5.25 and in January it was 4.75.
Overall her responses to statements in this dimension were quite strong. In May, her
responses ranged from 1 to 6: six of the eight scores were 6, one was a five and one
was a 1. In January, there were three scores of 6, two of 5, one of four, and two of 3.
Her lowest score at both administrations of the CMI was to the same statement:
Mathematics is mostly thinking about relationships among things such as numbers,
points and lines. In May, she strongly disagreed with this statement and in January
she only slightly disagreed with the statement. In response to a question about why
this change occurred she said, “From my experience in college a lot of what we did
was based on this and not so much theory or problem solving. We did a lot of
crunching numbers through last semester.” Cathy’s response to the statement,
“Mathematics consists of many unrelated topics” changed from strongly disagreeing
to slightly agreeing. When asked about this change she said, “ I am not sure why I
strongly disagreed in the first place. Math can be applied to so many different areas
that are unrelated. Some concepts may carry over to different areas but the way it is
applied is always different.” Despite the responses to these two statements, Cathy’s
conception in this dimension seemed to be strong and consistent. She believed that
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mathematics is a cohesive discipline and expected that her mathematical knowledge
would build upon itself.
This belief was reflected on both our first and last interviews. Because Cathy
was very focused on the application of mathematics, during our first interview I asked
her if there was any point in learning mathematics for which there wasn’t an
application. Her response was,
Everything in math is kind of like you start with building a foundation and
later on you may not go back to that specific thing, but through learning other
things, through that you are going to have a better understanding of more
complicated things and it tends to be the more complicated things you can
break down into simpler things that you have learned.
During our last interview she indicated that she was “getting better at recognizing
similar problems with slight differences and not thinking that I have to learn new
math in order to solve it.” Both of these statements indicate that Cathy knew and
believed that mathematics is a coherent system and that what she learns at one point
in time is likely to be helpful at another.
When Cathy was working problems, she often used an algebraic method to
solve a problem but when asked to check her solution she would often rely on
graphical analysis. For example, when asked to find any points on the graph of
x
1
-3
y = —- ——- where the slope is — she took the derivative, set it equal to zero and
then solved it. In the process of using her calculator to evaluate her final expression
she did not include a necessary set of parentheses. This gave her a solution to the
problem, when there really are no such points. When I asked her to check her
solution she had the calculator graph the derivative function and the function
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y = — . When she found that they did not intersect, she decided that she must have
made a mistake somewhere in her algebraic work, either in taking the derivative or
solving the equation. This knowledge and resulting action, based upon predictable
connections between the algebraic and graphical analysis of problems, is another
indication that Cathy believed that mathematics was a coherent system and not a
collection of isolated facts. This belief was consistent throughout her responses to the
CMI, our interviews, and her problem-solving behaviors.
Status of Mathematical Knowledge
Cathy’s ratings in this dimension were 5.875 and 4.62S in May and January
respectively. Both of these ratings indicate that Cathy believes that mathematics is a
dynamic discipline. In May seven out of eight responses to statements in this
dimension were 6 and the remaining one was a 5. These scores decreased in January
to two 6s, three 5s, two 4s, and one 2. When asked about these changes she said, “I
think that I am becoming more aware of the mathematics that already exists and
seeing how difficult it is to actually invent new mathematics.” This same idea was
reflected in the following statement: “I guess by learning so much this year alone that
a lot of what we need to use in our everyday lives already exists and that it takes a lot
of time for new mathematics to be adapted and actually work.” It should be noted
that even though her responses to the CMI decreased from May to January, her
explanations seemed to indicate that she believed that the field of mathematics was
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changing, but perhaps at a slower rate than she had previously thought. This
dimension was not reflected in our problem-solving sessions.
Doing Mathematics

Cathy’s rating in this dimension decreased between May and January. In May
her rating was 5.25 and in January it was 4.75. In January her scores were also much
less consistent than they were in May. In May she had five scores of 6, two of 5, and
one 2. In January she had four 6s, one 5, one 4, one 3, and one 2. The score of 2 was
to the same statement in both May and January. At both times she agreed to the
statement: One can be quite successful at doing mathematics without understanding
it. The only other response to a statement in this dimension that reflected beliefs
toward the negative pole was her slight agreement with the following statement: If
you knew every possible formula, then you could easily solve any mathematical
problem. Cathy’s responses to the CMI seem to indicate that she believes that sensemaking is important when doing mathematics but that the strength of this conception
may have lessened during her first semester of college mathematics. This conception
and the change in the strength of this conception were evident in our conversations
and in the problem-solving sessions.
In our initial conversation, the theme of sense making came up several times.
When asked what she did when she was studying mathematics, she replied, “I could
sit and memorize how to do things, but until I really understand why it’s doing that or
what’s going on it doesn’t mean anything for me to learn it, it doesn’t make sense,
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why am I learning it if I don’t really understand how it’s working.” Later in our
conversation, when asked what she did in high school when something was hard for
her or when she got stuck doing a problem, she replied,
I would use my notes a lot. And sometimes I would maybe try and talk
through things. Sometimes that helped me to try and like explain it to myself
see if maybe I’d stumble across something that I hadn’t thought of before. ...
Sometimes something comes out and oh, well, that makes sense.
This theme of sense making continued when I asked her how she knew she was ready
for a test. She replied, “... I understand the process of what I’m doing and it makes
sense to me. Like it fits together and I sort of know what this is about and how it
works.”
Cathy’s belief that mathematics should make sense was also reflected in our
final conversation. When asked about how she used the book to help her through the
semester she said, “I always went through the examples to kind of figure out what
they were doing and where they were coming from when they solved them. For the
most part, I understood, but I worked through the problems and it became more
clear.” Cathy believed that she should be able to make sense out of the mathematics
she was doing, but as the semester progressed and she began to struggle more it
seemed that she let go of some of her drive to make the mathematics make sense to
her. During our third problem-solving session, she indicated that she had “stopped
figuring things out, trying to figure out why.” When I asked her to further explain
this she said,
It’s like something inside is like why bother learning it if you have no idea
where it’s coming from and what it’s going to be used for. But then I kind of
stopped wonying about that for a while so that I could focus on just doing the
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math, which is not good, I don’t think, but it’s moving so fast that I don’t
really have time to sit down and learn it at my own pace.
At various times during the semester there seemed to be tension for Cathy regarding
how much sense making she should be doing and how much she should simply focus
on being able to get the correct answers, or as she said it “just doing the math”. This
giving up of the sense making was also evident in our problem sessions as the
semester progressed.
At the beginning of the semester, Cathy could explain why she was doing
what she was doing and she had ways to check her work. In our first interview, when
she was asked to write an equation modeling the depth of water in a tank, she initially
chose to model the situation using a sine function. But then she thought a cosine
function might be better. She finally decided that it didn’t matter. When I asked her
why, she said, “I don’t think it would matter because you’re getting one complete
oscillation either way, just in a different way. Both ways are showing one oscillation
of the depth of the water in the tank. One’s just starting at a different level from the
other.” This was a situation where Cathy stuck with the problem even when
unexpected things happened. She was able to use general ideas to support her
reasoning and make sense of the situation.
This type of confidence and sense making did not continue throughout the
semester. In our third problem-solving session, Cathy could not explain why the
graph of a function is concave down when the second derivative is negative. She
tried to provide an explanation but finally said that she had just memorized the rule
and used it to help her solve problems. Another problem in this interview asked her
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to describe the effect of changing the parameter a on the graph of / (x) = x 2+ —.
She did try to use general principles about graphs and transformations to think about
the graph of this function, however, her thinking was incorrect. At one point I asked
her if she knew what the graph of the function looked like for a specific value of the
parameter and she said, “not really.” She finally used her calculator to draw a graph
for a specific value of a. When the graph was not at all what she expected, I asked
her to describe the graph to me, and she said, “It looks like it starts out with a
negative slope, that’s decreasing at, that’s not right. I don’t know.” At this point she
completely gave up on the problem. While working this problem, Cathy tried to use
her previous knowledge to help her find a solution but after something happened that
she wasn’t expecting, she gave up on the problem. This is an example of Cathy not
being willing to persevere until she is able to make sense of a situation. However in
that same interview she chose to work the optimization problem that she thought
would be harder for her. When I asked her why, she said, “Probably because I don’t
really know how to do it and maybe I’ll learn how to do this type of problem.” This
response seems to indicate that Cathy hadn’t totally given up on trying to figure
things out.
Overall, Cathy believed very strongly that mathematics should make sense to
her or else it wouldn’t be very helpful to her. However, in both our conversations and
in our problem-solving sessions it was evident that as the semester progressed Cathy
made less sense out of the mathematics that she was learning. It was also the case
that Cathy did not necessarily think that this was good in the long run. The reason for
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the change in Cathy’s drive to make sense out of the mathematics is not clear. It
could be that her beliefs about its importance actually changed, that she found herself
having to make choices about how to spend her time and thought it was easier to just
tiy to learn the rules so that she could get the correct answers, or some combination of
these.
Validating Ideas in Mathematics

Cathy’s responses to statements in this dimension indicate that she believes
that mathematics can be validated through logical reasoning. Her ratings were 5.125
and 4.875 in May and Januaiy, respectively. The range in May (2-6) was greater than
the range in January (3-6). In May, five of her responses were 6, one was 5, one was
4, and one was 2. In January, only two of the responses were 6, four of them were 5
one was 4, and one was 3. Her response to the statement, when a classmate and I
don’t agree on an answer in mathematics, we need to ask the teacher or check the
book to see who is correct, changed from agree to slightly disagree. When asked
about this change she said, “This year it is harder to contact the teacher or prof when
a student and I don’t agree on something, so we try to work it out together and then
ask another student for their opinion.” This response indicates that Cathy thought that
she and other students were able to figure out who was correct but that they may have
relied on each other only because an outside authority was not readily available.
In the first problem-solving interview Cathy did not automatically check her
solutions but when asked if she could, she did have methods that allowed her to
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determine whether or not her answers were correct. For example after coming up
with an equation to fit a data set, she said, “I don’t know if that is right, but I can find
out.” She then used the multiple representations capability of her calculator to check
her solution. When asked if she used her calculator often to check her work, she said,
“Yeah, it makes me feel a lot better.” This response not only indicates that she had
ways to check her work but that she also thought that it was a good thing to do.
As the semester progressed Cathy became less able to validate her own
answers and relied more on me to let her know whether she was correct. For
example, during the second interview, after Cathy had found the derivative of a
function she said, “but I have no idea if that is right.” Additionally she had no means
to check to see if it was correct. It is unclear whether Cathy’s being less able to
validate her answers as the semester progressed was due to her being unsure about the
mathematics or a developing belief that it was not important to be able to do so.
Cathy’s statements, both on the CMI and in our conversations, indicate that she
believes that she should be able to justify what she is doing and that she should be
able to validate her own work but during our problem-solving sessions she would
often want me to indicate whether or not she was doing things correctly.
Learning Mathematics
Cathy’s ratings in this category indicate that she believes that learning
mathematics is about constructing and understanding mathematics. This is the only
dimension for which Cathy’s rating increased between May and January. In May her
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rating was 4.37S and in January it was 4.62S. Her responses to all but one statement
stayed the same. Her response to the statement, you can only leam mathematics
when someone shows you how to work a problem, changed from strongly agree to
slightly agree. When asked to explain this change she said,
I discovered that by studying on my own, going through example problems
that were already worked out and by my knowledge of experience with
different situations that might involve that same type of mathematics, ... that I
can leam on my own. It definitely helps if there is someone to explain things
to you but I also did things independently.
This statement reflects Cathy’s growing belief that she can construct the
understanding that she needs. It also indicates some of the methods that Cathy uses to
construct that understanding. She believes that what she is being asked to leam
should be connected to what she already knows and that thinking about what she is
doing is important.
However, Cathy also believed that memorization played an important role in
her mathematics learning. Her responses to the two statements about the role that
memorization plays in learning mathematics both indicated that she felt that
memorization was necessary but that it was not all that was necessary. When asked
about the role of memorization in her high school learning, she said, “Certain
formulas you have to know and that is fine, but I don’t like relying on memorization.
I’m not good at it and I don’t think that it’s a good way to leam because eventually
you are going to forget it if you never understood it in the first place.” This same
belief was evident in our final interview when she said:
Once I understood where equations and stuff came from, then I felt it was ok
to like keep that sort of general equation in my head, just like a list of
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derivatives or some things like that. Memorization was just kind of something
that I needed to like solve numbers with, but I don’t think it was helpful in
actually applying to problems.
Another theme that ran through our conversations was Cathy’s willingness to
ask for help. She talked about working with other students taking calculus and was
willing to ask me for help. However, it is not clear whether or not the result she most
wanted was understanding or knowing how to get the correct answer. In response to
a question about how the group homework assignments were going she said:
That recently has not been so good. There’s one kid who knows all the
answers and for the most part everyone is sort of turning to him for the
answers. Which isn’t really helping me because I don’t understand, if I didn’t
get the problem right then I don’t really understand where I went wrong.
But in the same interview, in response to a question about what she wanted people to
do when she asked them for help she said, “Pretty much just go through the whole
thing, from start to finish, and explain exactly how they got this and what to do here.
I also wanted to know why, and they were good at that.” The first statement seems to
indicate that she wants to know more than how to do it. But the second seems to put
in the “knowing why” as an after thought.
Learning mathematics was an active process for Cathy. During the semester
she indicated that in addition to doing the assigned problems, she read the book and
worked through the example problems. When asked what she did to study for the
final examination she said, “I did a lot of review problems and just tried to make sure
that I knew the basic process of how to do all kinds of problems.”
Cathy’s conceptions about learning mathematics seemed to vary based upon
how smoothly things were going for her. When things are going smoothly, she
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seemed to be able to focus on constructing understanding. But when she was
struggling and pressed for time, she relied on trying to know the necessary steps to
solve a problem. However, she also seemed to believe that only knowing the steps is
not enough to leam mathematics. This tension between constructing and
understanding mathematical knowledge and memorizing intact knowledge may be
related to the tension that also existed for Cathy in the Composition of Mathematics
and the Doing Mathematics dimensions.
Usefulness of Mathematics

There is no doubt about Cathy’s conception regarding the usefulness of
mathematics. All o f her responses to the CMI statements in this dimension were 6.
Additionally throughout our conversations she talked about wanting to know where
the mathematics was used. For Cathy the question was not Ms this useful’ but rather
‘where is this useful.’
Ann

Ann graduated from a suburban high school in an affluent community. She
received As in all her high school mathematics classes. She describes herself as a
“pretty good math student” who didn’t have trouble in any areas. When I asked what
type of a student she was, she said, “Sometimes I was really interested, but at other
times I was completely bored. I would just do the homework because I knew I had to
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do it, but it wasn’t something where I’d want to go into detail about it or anything like
that.”
The high school that Ann attended offered only the Core-Plus Mathematics
curriculum to its students. Ann and her parents were not sure that the Core-Plus
curriculum would properly prepare Ann for the standardized tests that she had to take
and she wanted to be prepared for them. So they decided that she needed to take
summer school classes. After each of the first two years of high school, Ann took
summer school mathematics courses that were offered at a neighboring high school.
After her freshman year she took both Algebra and Geometry and after her
sophomore year she took Algebra 2. Based upon her description, the summer school
courses were quite traditional in both content and pedagogy. She talked about doing
100 problems for homework and doing the same thing over and over until she got it.
She referred to the mathematics she did in these classes as ‘formal mathematics.’
When asked if it was more mathematics than the math she had learned in Core, she
said, “Not really. They are both math, it’s just the way they teach it that’s different.”
Because o f these summer school courses, Ann had a variety of mathematical
experiences during high school. It is not possible to determine which of these
experiences had more influence on her conceptions about the nature of mathematics
and the nature of mathematical activity. But one might expect that year-long courses
may have had more influence than short summer courses.
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Ann attended Southern University and enrolled in Calculus 1. She was unsure
of her major at the beginning of the semester but at the end of the semester said that
she was leaning towards a pre-medical curriculum.
An unfortunate event occurred about a third of the way through the semester
that may have impacted how Ann acted in mathematical situations throughout the
remainder of the semester. During the second month of school a student on her
residence hall floor was killed in an accident. Ann and this student had been friends
during both high school and college. This tragedy was not easy for Ann. After the
accident she went home for about a week. The week of class that she missed was the
week where they covered the derivative rules and the chain rule. Upon her return to
college, she worked at trying to get caught up but struggled throughout the remainder
of the semester. She did complete the course, but did not do as well as she had hoped
to, and indicated that she thought that she would retake the course over the summer at
a community college close to her home. Being behind for the second half of the
semester greatly influenced what happened in our second and third problem-solving
sessions. During both of them, there were problems for which it was clear that Ann
did not have the necessary understanding and/or skills to solve. I had her attempt
almost all of them but often I had to help by providing direction or hints about what
she could do. We were unable to attempt all of the problems in the second interview
because she had not yet covered some of the material. It is not possible to determine
how Ann would have approached problems during the last two problem-solving
sessions if she had not been so far behind.
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Ann’s Calculus Class and Instructor

Ann’s Calculus class met three days a week in the afternoon, for 90 minutes.
The class usually began with organizational announcements and the returning of
homework, quizzes, or tests. After returning the papers, the instructor, Dr. B, would
spend some time explaining the problems that had seemed to give students the most
trouble. He then would pose a problem that required use of the new mathematical
ideas that were the focus for the day. He expected that students had read the relevant
section in the book and had worked with the ideas before coming to class. The goal
of this first part of class seemed to be to get the students to talk about the major ideas
and to bring out subtleties that they might have missed when working on their own.
If students were not answering the questions that he was posing, he would often tell
them to talk about it in their groups. During this time he would move from group to
group helping direct the students but not giving answers. When he had a sense that
students had either solved the problem or that the majority of the class was stuck, he
would bring the class back together. If some of the students had solved the problem,
he would ask for someone who would be willing to put a solution on the board and
explain it to the class. It was never enough for the student just to put the work on the
board. He also expected the student to explain the work and to answer questions from
other students. After this process, he would often explain or further clarify the
solution that had been presented. If nobody had solved the problem, he would present
a solution using as much student input as possible. After this “review” of the new
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material had been completed, a similar process would be used to work on related
problems for the rest of the class time.
The students seemed more willing to work on problems and to talk in their
groups at the beginning of the semester. As the semester progressed, the students
were more often off task and seemed to be waiting for the instructor to explain the
problem to them. Also as the semester progressed, the instructor seemed less intent
on getting the students to provide solutions and would more often have them work on
problems and then present the solution himself. It is not clear to the researcher which
of these actions began to change first or why the change occurred.
The CMI indicated that Dr. B had very strong conceptions about the nature of
mathematics and the nature of mathematical activity. All but seven of his 56
responses were 6. This indicates that he believed that mathematical knowledge was
composed of concepts, principles, and generalizations; that mathematics was a
coherent system that was always undergoing change; that doing mathematics was
about making sense of mathematical situations; that students should be able to
validate their own work; that learning mathematics required constructing and
understanding on the part of the student; and that mathematics was useful in everyday
life. These conceptions were evident in the way that Dr. B conducted his class. His
main focus was on concepts and getting the students to be able to use them in a
variety of situations. He knew that there were some things that students had to
memorize but chose not to stress those things in class. For example, after the class
had worked several differentiation problems in preparation for the differentiation
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skills test, he said, “We will do one more and then we will do real stuff. This is not
mathematics, applying rules.” This belief is also reflected in the problems that he put
on his quizzes. They were almost all problems that required the students to
synthesize and use the major concepts that they had been learning. In our
conversation about his focus for the quizzes he said, “The main criteria that I use is
whether they are testing the basic understanding o f the material. When grading them,
if I see that understanding is clear and there was a mistake in calculations or solving
the equations, I will give almost full credit.” Getting the students to make sense of
mathematical situations was more important to Dr. B than simply getting them to
obtain the correct solution.
Dr. B worked hard to get the students to engage in the mathematics and
believed that they could all leam mathematics. During our interview he said, “I think
that everyone should know calculus, as a basic part of certification. And they should
really understand why all these things work, and should know enough theory to
understand the elementary facts about differentiation.” During class he regularly
asked the students to work on problems and expected them to make progress toward a
solution even if they did not get all the way there. He also expected students to
provide reasoning for all the statements they made in class. When a student would
put a solution on the board, he would try to get the class to validate it and or ask
questions about it. During every class period the students were actively engaged in
trying to make sense out of mathematical situations.
The results of Dr. B’s and Ann’s CMI responses are shown in Figure 15.
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Figure IS. Bar Graph of Ann’s and Dr. B’s CMI Responses.
Ann began the semester with conceptions that were less strong than Dr. B’s.
Over the course of the semester her ratings decreased in five of the seven dimensions.
However none of the decreases were great. Increases were seen in the Status of
Mathematical Knowledge and the Validating Ideas in Mathematics dimensions.
Ann’s responses to the CMI, the conceptions that they indicate, and how those
conceptions were reflected in our conversations and problem-solving sessions, will be
discussed in the following sections.
Composition of Mathematical Knowledge
Ann’s ratings in this dimension were 4.25 in May and 3.875 in January. Her
responses ranged from 3 to 5 in May and from 2 to 5 in January. However in May
she gave four responses of 5 and in January there were only two. The biggest change
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in her responses in this category was to the statement: “There is always a rule to
follow when solving a mathematical problem.” In May, she slightly disagreed with
this statement and in January she agreed with it. When asked about this change, she
said, “I think when I answered this in May, I was considering the math I was doing in
high school. I think that in this calculus class there was a much larger emphasis in
following specific rules when attempting to solve problems.” Overall her responses
indicate that Ann believed that mathematics was composed of concepts, principles,
and algorithms. However, this conception was not very strong at the end of high
school and seemed to be less strong after one semester of college mathematics.
Although Ann talked about the need to know the concepts and at times she was able
to use or explain major concepts to me, in our conversations and in our problem
solving sessions Ann seemed to indicate that the rules were the really important part
of mathematics.
In our conversations about the composition of mathematics, Ann made the
distinction between the formal mathematics she had learned in her summer school
courses and the mathematics that she had learned in her Core-Plus classes. She
thought they were both mathematics but were just different. When talking about the
two mathematics experiences, she said, “Core-Plus, it did give me a different idea and
a way of looking at mathematics. Maybe it would be better for me in real situations,
but like when it came down to learning the essentials, the basics, it really didn’t help
me that much. Learning the rules and stuff like that.” I then asked her to further
explain some of the differences and she said, “Like she (her Core-Plus teacher) would

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

125
have a whole way of teaching it to us, when it was pretty much just a rule, and you
use it like this.” From this conversation it seems that for Ann the rules and working
exercises were the essentials of mathematics; indicating that she believed that
mathematics was composed of facts, formulas and algorithms, rather than concepts,
principles and generalizations. Later in that same interview I asked Ann, “What is
mathematics?” She replied by saying that it’s “like a language where you leam how
to do things a certain way.” This response also seems to indicate that mathematics is
made up of things you leam how to use, rather that big ideas that help explain things.
In our final interview, the importance that Ann placed on facts, formulas, and
algorithms was also evident. When I asked what she thought the major things were
that she was supposed to have learned during the semester, she said, “I guess the
derivative, integral, the different shapes of a line, the concavity and stuff like that.
Like patterns and like graphs and stuff like that pretty much.” At first this sounded as
if she were focusing on the big ideas and concepts. However, when I pushed for
more explanation by asking her what about the derivative they were supposed to have
learned, she gave an answer that focused on facts and formulas. Her answer was,
“How to obtain a derivative, just like using the rules, also how to solve equations, like
using the derivative. That’s pretty much about it.” After this response, I wondered if
she knew what the derivative told her about a situation and so asked her that. In
response to that question, she said, “It tells you, whatever that situation is, that
situation is occurring at a certain rate or something like that.” The conversation
seemed to indicate that she may have had some idea of the interpretation of the
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derivative but that she didn’t think that the interpretation was the important part of
what she was supposed to leam about the derivative.
This focus on learning the rules was also evident in our problem-solving
situations. In the first problem-solving session, Ann was solving a problem that
required that she work with function notation. She was given a graph of a function
h(x) and was asked to find the zeros of h(x + 3). She worked with the notation but
interpreted it differently at different times. At first she thought it was multiplication,
then she tried finding the zero of h(x) and adding three to it, and finally with a fair
amount of direction from me, she realized that she needed to be thinking about a shift
o f the graph. Initially, she was quite content to interpret the notation and to give an
answer without really using the necessary concepts. She wanted to apply the correct
rule and as I challenged her to check her answer after each answer that she provided,
she found that it was wrong and then went onto using some other rule. It is clear that
Ann was having difficulty with the function notation but for the purposes of this study
it is interesting that she was not concerned that she had done two incorrect procedures
before finding the correct one. She never really stopped and tried to think about the
situation in a more holistic manner. Her focus was on finding the correct procedure
that she could use to get the correct result.
During the second and third interviews, there were several times that I asked
Ann to solve a problem for which she wasn’t sure of the correct rule to use and she
knew that she wasn’t sure what to do. At these times, she did try to use the more
general concepts that she knew to help her find a solution. The best example was the
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problem in the second interview that asked her to determine if there were any points
x
1
-3
on the graph of y = —- - — - where the slope is — and to find them if there were
any. She knew that she did not know how to find the derivative of the equation and
so she used her calculator to graph the function. She then noticed that the slope of the
graph was always positive and concluded that there weren’t any points where the
slope was —■£.
The solution process described in the preceding paragraph indicates that there
were times when Ann would rely on general concepts (in this case, the idea of slope
of a tangent line and positive and negative slope) to help her solve problems. But in
general, our conversations and problem-solving sessions seemed to indicate that she
thought the important part of mathematics, in her words, the formal mathematics, was
composed of facts, rules, and algorithms that she needed to know and leam how to
apply.
Structure of Mathematical Knowledge
This is another dimension in which Ann’s rating decreased between May and
January. In May her rating was S with responses ranging from 4 to 6. In January her
rating was 4.5 with responses ranging from 3 to 5. Her response to the statement,
“Most mathematical ideas are related to one another,” changed from 5 to 3. When
asked about this change she said, “I think that the reason I changed my answer was
due to the fact that mathematical ideas I thought were similar and interchangeable in
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calculus weren’t.” These CMI ratings indicate that Ann tended to believe that
mathematics is a coherent system. However this belief was not strongly reflected in
either our conversations or problem-solving situations.
In our conversations, she did indicate that what she learned at one point in
mathematics would be needed to solve later problems. This belief was clearly
reflected in her response to a question asking what advice she would give to incoming
freshmen about what they should do to be successful in Calculus. Her response was,
“I would probably tell them do not fall behind in class.... Whenever you have a
problem, ask and deal with it then instead of dealing with it later on, because it all
piles up.” While she did believe that what she learned in mathematics built upon
itself, she really did not see or make many connections during the course of the
semester.
She did not see connections between different problems that she was being
asked to work. This lack of seeing how a variety of problems can involve the same
concept but also be different was very evident when we were talking about the tests
that she took during the semester. She indicated that she thought the first test was
“totally different than what they had learned in class.” It is the case that the way the
concepts were tested and the contexts of the problems were different than they had
been in class or on the homework, but the mathematics required for solving the
problems was the same. After taking the second test, she said, “He (the instructor)
told me what to study and stuff like that and it seems as if what he told me to go over
was nothing that was on the exam.” He had also indicated that she should use the
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exam provided from the previous semester as a guide. Ann said that she looked at the
previous exam but that it didn’t help. The two exams were composed of problems
that addressed the same fundamental concepts but in different ways. Ann did not see
these connections between the two exams.
The problem-solving sessions did not provide much insight into Ann’s
conceptions in this area. During most of the problem-solving interviews, Ann was
struggling to complete the problems and did not often get beyond trying to figure out
some way to solve the problem. She sometimes did use the connections between
graphical and symbolic notations but perhaps because her lack of ability to work
problems symbolically she did not often make connections between the two solution
methods. When working a problem that required her to consider the long-term
behavior of the function N(t) =

l + 5000e

sj,e grst decided to use her calculator

to give her a table of function values for large x values. The table indicated that the
function values continued to increase without bound. I then turned the conversation
to trying to reason symbolically about the function behavior. After some time of me
pushing her to focus on what the symbols might tell her she said that the function
values should approach 1,000,000. And she was happy with that answer. At no point
did Ann want to go back to the solution she had found numerically and see why it did
not agree with her symbolic reasoning. It was almost as if the two processes were
unconnected.
Although Ann’s CMI responses indicate that she believes that mathematics is
a coherent whole, neither our conversations about mathematics nor our problem
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solving sessions provided much evidence to support this conception. Rather, Ann
seemed to act in ways that indicated that for Ann mathematics was a collection of
isolated facts and a big part of her goal was to know which one to use when. She did
not readily see connections between new material (or new problems) and what she
had learned previously (or previously solved problems) and she did not seem to look
for those connections.
Status of Mathematical Knowledge

Ann’s ratings in this dimension were 4.87S in May and S.2S in January. The
range of responses was 4 to 6 in May and 3 to 6 in January. These ratings indicate
that she believes that mathematics is a dynamic discipline. Her response to the
statement, “When you leam something in mathematics, you know the mathematics
learned will always stay the same,” changed from slightly disagree to slightly agree.
This is the only statement for which Ann’s response changed from being toward the
positive pole to being more toward the negative pole. All of her other responses were
toward the positive pole for both administrations, changing only in strength with three
becoming stronger and three staying the same.
While this conception was not reflected in the problem-solving sessions, we
did talk a bit about her views of how, if at all, mathematics was changing. During our
first interview, Ann said the following about her views of how the field of
mathematics was changing:
I see it changing to where before it was like ideas, you had rules and
theorems, and stuff like that, and you just did the problems because you were
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given the rule or theorem. But now I’ve seen it being applied more to
eveiyday life, being applied to different areas of different fields like science,
physics, and chemistry.
This statement indicates that for Ann, the way in which mathematics was dynamic
was that it was being applied more broadly now than in the past and in more diverse
areas. It is possible that she saw this as a change because up until high school she had
not seen much of how mathematics was used and her high school experiences gave
her some insight into the applied part of mathematics. So while Ann’s CMI
responses indicated that she believed that the field of mathematics was changing, it
seems that it may be more that her awareness of the applications of mathematics had
increased during the last several years.
Doing Mathematics

Ann’s ratings in this dimension indicate that she believed that doing
mathematics is a process of making sense. Her rating decreased between May and
January: in May it was 4.875 and in January it was 4.375. Her response to the
statement, “Knowing why an answer is correct in mathematics is as important as
getting a correct answer,” increased by three points. She did not have a reason for
this increase. There was one question for which Ann’s response decreased by three
points and another for which her response decreased by two points. The decrease of
three points was to the statement, “One can be quite successful at doing mathematics
without understanding it,” for which her response changed from disagree to agree. In
discussing this change, she said, “I changed my opinion because I saw in my class

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

132
people that had no idea how they got answers right get them right and be successful in
class.” The decrease of two points was to the statement, “If you knew every possible
formula, then you could easily solve any mathematical problem.” Her response
changed from disagree to slightly agree. In describing why this change occurred, she
said, “I think the change in answer was due to the increased use of formulas in
calculus and knowing formulas made getting the answer to a problem less difficult.”
The results of the CMI were not strongly reflected in either our interview or
problem-solving sessions. During our interview sessions, Ann indicated that she
wanted to be able to do things quickly, and when she could, then she understood how
to do the mathematics. During our first interview, when asked how she knew that she
understood something in mathematics she said, “Like when I do a problem and it just
comes to me easily, I know I’ve done enough. I understand it. When I find out I am
right, I am like ok, I know what’s going on, I can move onto something else.”
Although she used the word understand, I think that this response indicates, that for
her, understanding was more connected to getting the correct answer than it was to
understanding the process involved in getting there. This use of “understand” was
also evident during our last interview. When we were talking about what she had
done to study for the final exam, she said that she had worked the practice exam
given to the students. She gave the following description of the process she used
while working on the problems: “I’d get about half the problems myself and the other
ones I’d just look because I knew I could get it. But then once I got it I understood
how.”
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During our problem-solving sessions, Ann seemed to be much more focused
on getting the correct answer than on really understanding what was happening with
the mathematics. Because she was behind where the class generally was, there were
times in our problem-solving sessions where I was actually doing some teaching.
Through this process it was clear that at times she would say that she understood
something but in reality she had worked her way to a correct solution and thus
thought that she understood the concept behind the problem. During our second
problem-solving session, she had input an equation into her calculator in order to use
the table feature and was trying to interpret what the table values were telling her.
For some reason she didn’t like the answer she was getting and so said, “I am going
to clear it and start over again. Maybe I didn’t put in enough parentheses. Should I
put like the negative point one i in parentheses also?” Rather than looking at what
she had input and trying to reason about the symbols, she decided to start over again
and do something different in hopes that she would get a solution that seemed more
feasible to her. While the reflection on the solution indicates some sense-making
activity, the process she chose to try to correct the solution seemed to be focused on
finding the correct rule.
Another example of Ann making revisions in her solution without much
apparent reasoning occurred during the first problem-solving session. She was
working on the following problem: “A culture of bacteria originally numbers 500.
After 2 hours there are 1500 bacteria in the culture. Assume the bacteria grows
exponentially. Find out how many bacteria are present after 6 hours.” She decided to
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first find an exponential equation that would model the situation. She did this by
using the exponential regression capability of her calculator and the points (1, 500)
and (2, 1500). When she got the equation, she was puzzled and indicated that
something was wrong. When I asked her what made her think that, she said,
“Because the original population should, like in an equation it should be 500 times
something to the x. And that was 166, 167, something like that. It should be 500.”
This response shows that Ann is reflecting on her solution and trying to connect it
with the information she was given. She also knew how the original population
should be reflected in the equation. Whether she knew why it should be 500 is not
clear. She then changed the first point to be (0, 500). When I asked her why she
made this change, she said, “Because I remember I had a problem with that on a
different problem I did.” Her reason for changing her approach was not based on the
mathematics of the situation but rather on a previous problem she had solved and
what she had done then to get the correct answer.
A similar thing occurred during the third interview. Ann was working on a
problem for which she needed to find the minimum of a function. She asked me, “Do
I set it (the equation) equal to zero or something?” I responded with asking her why
she thought she should set it equal to zero. Her response was, “I don’t know.
Because I’m remembering like, I just remember in class like when you want to find a
minimum. It just seemed like you’d set it equal to zero for everything, all the
problems we’ve been doing lately.” When I asked her what she knew about
derivatives and asked her to think back to an earlier part of our conversation where
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we had been talking about the derivative rules, she was able to say that in order to
have a minimum, the first derivative has to be zero. She had indicated in the earlier
part of our conversation that she knew that the first derivative had to be zero at a
minimum and was even able to explain why that was the case. However, when
working this problem, no more than thirty minutes later, she was relying on what she
had done previously to get a correct solution, rather than trying to reason
mathematically and make sense out of the situation.
So, although Ann talks about needing to understand mathematics and during
the third problem sessions said, “1 don’t like to know just how to do it, I like to know
why it’s like that and why you do what you do,” it isn’t at all clear that she works at
making sense out of mathematical situations. The conceptions indicated by Ann’s
CMI responses do not seem to be consistent with what she said about specific
mathematical situations or what she did when working problems. She seemed much
more concerned with getting the correct answer than with knowing why an answer
was the correct one.
Validating Ideas in Mathematics
Ann’s CMI ratings in this dimension were 4.25 in May and 4.5 in January. In
May the range of her responses was 3 to 6 with three ratings of 3 and in January the
range was 4 to 6. These rating indicate that Ann thought that mathematics could be
validated through logical thought. However, it did not seem that Ann very often
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validated her solutions through logical thought. Rather she most often wanted
someone else to indicate that she was correct.
In our initial interview, Ann indicated that there was often more than one way
to correctly solve a problem and that they could all be correct. She did not do
anything to indicate that she did not still believe that in January, but she was unsure
of whether or not her instructor would accept alternative solutions. “I solved it a
different way. So I don’t know whether he was going to give me points or anything.
I didn’t do it the way I was supposed to.” In my interview with Ann’s instructor, he
indicated to me that he would give credit for alternative solution methods that were
based on valid mathematical reasoning.
The fact that Ann was struggling with the material throughout the semester
may have greatly influenced how Ann validated mathematics. In both our interviews
and problem-solving sessions, Ann was unsure of the mathematics and indicated that
she most often needed someone else to tell her whether or not she was doing things
correctly. She would often ask me if a particular thing she did was correct or not.
She also explained how she would often go to the tutor lab to find out whether or not
she had done her homework correctly. When talking about how she could find out if
her answers were right or wrong, she said, “In my calculus class it was quite difficult
to find out when you are wrong with an answer until you went to class and found out.
This is due to the fact that it was difficult to look back at an answer to see how you
did it wrong.”
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In our conversations Ann indicated that it was important that students be able
to explain what they are doing and why they are doing it. This came across quite
strongly when we were talking about the group homework problems. The instructor
required complete and clear explanations and several times Ann indicated that she
was glad that she had learned to provide such explanations during high school and felt
as if she were better at it than many of the other people in her group. However,
because Ann did not often provide explanations about why she was doing what she
was doing during our problem-solving sessions, the question is raised whether or not
Ann thought the explanations were necessary because they were an important part of
doing mathematics or because they were required to get a good grade on the
homework.
Ann’s ratings in this dimension do not indicate a strong leaning toward either
pole. The evidence provided by the interviews and problem-solving sessions also
suggests that this is an area where Ann does not hold strong conceptions in either
direction. While she indicates that it is important that students be able to provide
reasoning, she only did so when it was explicitly required. She also indicated that the
way that she found out whether or not she did a problem correctly was to ask an
outside authority. It did not appear that she had developed the ability to convince
herself of the correctness of her solutions.
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Learning Mathematics
Ann’s rating in this dimension did not change much between May and
January. In May her rating was 4.75 and in January it was 4.5. At both times the
range of responses was from 3 to 6. There were not big (greater than one point)
changes in any of Ann’s responses to statements in this dimension. These CMI
ratings indicate that, for Ann, learning mathematics entails constructing and
understanding more than memorizing intact knowledge. Once again the evidence
provided in the interviews and problem-solving sessions does not strongly support a
conception that learning mathematics requires understanding and constructing.
Ann strongly believed that it was important to know what her mistakes were
when she got a problem wrong. In reference to her high school mathematics class
and the group work that they did there she said, “When you are in a group, someone’s
there to let you know that’s not right. This is how you do it, stuff like that.” She also
talked about how she wanted her group members in college to work more together
and explain the problems to each other. She did not feel as though they were doing
that and as a result she felt that she wasn’t learning as much.
Ann indicated that she often went to the tutor lab or the instructor to ask
questions when she didn’t understand the material. She said that at times the tutor lab
was helpful and she got good explanations but that it depended on the person she was
working with. She was less positive about the help that her instructor provided. She
said that he just worked the problem and didn’t explain things. Then he just worked
other problems.
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She had the same criticism about the way that the instructor structured class.
She said it wasn’t very helpful because all they did was work problems; that the
instructor never explained things. While it is the case that the majority of time was
spent having the students work problems, there was lots of explaining happening at
the same time, by both the instructor and other students. During the third problem
solving session, I asked Ann what would make class more helpful to her and she said,
Well like I remember in the Core-Plus stuff like you went through like step-by
step, to where you were able to do a problem. And I know the book is sorta
doing that, too, but we learned why something occurs mathematically, or
whatever, in Core-Plus, and that was really good for me. But now it’s just do
the problems.
In our final interview she again talked about how just doing problems was not helpful
to her. I asked what would have been more helpful and she replied, “I think instead
of doing all those problems in class, spending time going over the sections instead of
the problems.” She then continued, “It’s easier when somebody’s showing you how
to do it and you’re doing it with them step-by-step, like while they’re teaching it to
you.”
This theme of needing to be shown how to do problems came up many times
in our interviews. In our final interview she talked about the importance of reading
the book because “like you wouldn’t be able to do the problems unless you had
looked and worked through the practice problems and where they showed you step-by
step what to do.” Because this idea of being shown how to work problems had come
up so often, during the last interview I said, “It sounds like it is important to you to
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have people show you exactly the steps you need to go through.” Ann’s response
was, “Yeah, that’s really true.”
It is not clear what role Ann thought memorization should play in learning
mathematics. When I asked her what kinds of things someone who is good at
mathematics could do, she replied, “They know how to do a lot of things, they
memorize a lot of facts, they can do things quickly. And they understand ideas and
they are able to explain things better, they don’t just do it. They understand why rules
come to be rules or theorems.” She also indicated that for her memorization and
knowing how to do things was important. It was important for Ann to “do(ing)
something so many times that you just knew it. I think I learn better doing the same
thing a lot until I learn it really well compared to learning the idea and not doing it a
lot.”
Overall it seems that what is important for Ann when it comes to learning
math is that first someone explains the general idea to her, then works example
problems providing step-by step procedures and explanations, and then she is given
the opportunity to practice similar problems. She does believe that mathematics
requires thinking but the thinking may be about which set of memorized steps to
follow and not about the general concepts that might be helpful in a particular
situation or how they might be used to solve problems.
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Usefulness of Mathematics
Ann’s rating in this dimension was S.62S in May and S.37S in January. At
both times all of her responses were either S or 6. These ratings indicate that Ann
believed that mathematics would be useful to her outside of school. In our initial
interview, when I asked Ann how, if at all, she thought she would use mathematics in
her life, she talked about how she would use the general problem-solving skills that
she had learned in mathematics.
The problems may have absolutely nothing to do with math, but the way I
choose to solve them or go through them and try to find out what the answer is
may be similar to what I did in math; like trying different things and getting
the answer. Estimating, guessing, and stuff like that.
In our final interview her response to how, if at all, she would use math was
very different than it had been in May. In January she talked about how she would
need mathematics in her science classes. At this interview she seemed to be thinking
much more about where she might use specific mathematics rather than general
thinking strategies.
It is not clear why her response to the same question was so different at the
two interviews. One possibility is that at the time of the first interview Ann was
unsure of her major and was leaning towards a social science major and in January
she was leaning towards being pre-med and was enrolled in several science courses.
Regardless, Ann did not see learning mathematics as a waste of time. She believed
that either she would use the general thinking strategies or the specific content in her
life.
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Precalculus at Northern University
Northern University is a large midwestem university. The precalculus course
at Northern University is intended for students who are planning on taking the
standard Calculus 1 course at the university. There are other mathematics courses
available for students who need to meet basic requirements but are not intending to
take calculus. The text for the course in Fall semester 1998 was Precalculus: Graphs
and Models (Bittinger, Beecher, Ellenbogen, & Penna, 1997). In addition to the
textbook, a graphing calculator was required for the course.
The Precalculus course at Northern University consisted of a large lecture
(2S0 students) and recitation classes (30 students). The large lecture was conducted
three times a week and lasted 50 minutes each time. The students were also assigned
to a recitation section that met the other two days of the week in the same time slot as
the lecture.
The lecture was conducted by the course coordinator, Mr. A, who was a full
time faculty member. During the lecture Mr. A used an overhead projector to present
the material and the students were expected to take notes. Several times during most
lectures Mr. A would ask the students to work problems similar to examples that he
had just presented. After a short while, he would then go over the problem. He was
willing to answer questions, although not many were asked. He also did try to elicit
answers from students several times during each lecture. Mr. A would often use the
graphing calculator during lecture, but ultimately students were required to be able to
do most everything by hand and were encouraged to use the calculator to check their

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

143
work. This was the case because the students would be going into calculus the next
semester and there were some sections that did not allow any use of a calculator.
Although Mr. A felt it important to integrate the calculator into his course he wanted
the students to be prepared for whatever section of calculus in which they might
enroll.
Undergraduate or graduate student teaching assistants (TAs) conducted the
recitation sections. In an effort to keep the sections as similar as possible, the course
coordinator determined what would be done during recitation. The TAs met weekly
with Mr. A to discuss what he wanted to have emphasized and how he was
approaching different topics in the lecture. The recitation sessions began with the
TAs working several sample problems that Mr. A had selected and that were to be
worked in all recitation sections. Each TA then answered some questions from
students on homework problems. The last 25 minutes or so of each recitation period
were spent either taking a quiz or working on workbook assignments that were turned
in at the end of the class session.
The workbook assignments were exercises, similar to the homework. They
were graded and accounted for about one tenth of the final grade. The workbook
assignments were intended to be completed in groups, but no formal structure was in
place to support this expectation. Each student had to turn in his or her own paper.
The TAs corrected the papers and returned them at the beginning of the following
recitation meeting.
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The assessment for this course consisted of six hour-long tests, seven quizzes,
workbook assignments, and the final exam. The quizzes were usually very
straightforward problems that could be completed in a short period of time. The
solutions to all quiz problems were placed on the web shortly after the quiz. This
allowed the students to see complete solutions to all of the problems without spending
much time going over them either during the lecture or the recitation periods. The
hour-long tests and final exam were composed of both computational and application
problems that were for the most part very similar to what students had done on their
homework. On the quizzes, tests, and final exam the students were expected to show
their work and provide support for their answers. The TAs did all the grading for the
course and they were expected to follow strictly the sample solutions that were
provided by the course coordinator.
Mr. A’s responses to the CMI indicate that he does not hold strong
conceptions in any of the dimensions. Seven of his responses were 3s and the
remaining were all either 4 or 3. Thus all of his ratings were between 4 and S. Mr.
A’s rating for the seven dimensions are provided in Table 11. These ratings indicate
that Mr. A believes that mathematics is composed of concepts, principles, and
generalizations; that mathematics is a coherent and dynamic system; that doing
mathematics should be about making sense of mathematical situations; that students
should be able to validate their own work; that learning mathematics requires
constructing and understanding; and that mathematics is useful. The manner in which
Mr. A organized and taught this precalculus class and what he said in our interview
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reflect the fact that although he holds conceptions more toward the positive pole of
each dimension, he does not hold them strongly.
Table 11
Mr. A’s CMI Ratings by Dimension
Dimension

Rating

Composition of Mathematical Knowledge

4.5

Structure of Mathematical Knowledge

4.5

Status of Mathematical Knowledge

4.375

Doing Mathematics

4.625

Validating Ideas in Mathematics

5

Learning Mathematics

4.375

Usefulness of Mathematics

4.25

One of the main things that surfaced in my interview with Mr. A was that he
felt somewhat caught by the system. Because the course that he was teaching is
specifically designed to prepare students for a traditional calculus course, he felt that
he must stress some of the rules and symbolic notation more than he might otherwise.
He used graphical representation primarily to motivate the symbolic work that he did.
He felt that the graphical work provided a good foundation for the symbolic methods
but it was necessary for the students to learn the symbolic methods and not rely on
graphical or numeric methods. He required the students to be very precise in their
symbolic work and to show their work on all quizzes and tests. He believed that if a
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student did not use all the symbols correctly, then he or she probably didn’t
understand the mathematics behind the symbols. By his own description, the course
was “very heavy in symbolic manipulation and (he) didn’t have time to force them to
articulate, verbalize, and make some of their own conclusions.” He said he has to
“just go like crazy and cover an awful lot of ground over a period of time.”
Two of the participants in the case study part of this research were enrolled in
Mr. A’s precalculus class. Their conceptions of the nature of mathematics and
mathematical activity will be considered in the next several sections.
Sally
Sally graduated from a high school located in a suburb of a small industrial
city. Throughout high school she received As in mathematics and was generally
thought of as a good student. She received community scholarships for college.
Sally described herself as a “pretty strong math student.” She said that she didn’t
really have to study math during high school. As long as she did the ciasswork and
the homework, she was fine. She also indicated that at times she would get impatient
with other students who were not paying attention during class or doing the
homework. Sally chose to enroll in the engineering college at Northern University.
Based upon results of the mathematics placement exam, Sally enrolled in precalculus.
The results of both Sally’s and Mr. H’s CMI ratings are shown in Figure 16.
The graph indicates that Sally’s overall ratings in each of the dimensions did not
change very much between May and January. But the interviews and problem
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solving sessions did reveal some changes in her conceptions over the course of the
semester. They also provided some insight into how Sally’s conceptions resulted in
some frustration for her over the course of the semester.

Composition

Structure

Status

Doing

Validating

Learning

Usefulness

Category
B Mr. A ■ Sally May □ Sally Jan

Figure 16. Bar Graph of Sally’s and Mr. A’s CMI Ratings.
Composition of Mathematical Knowledge
Sally’s rating in this category in May was 4.25 and in January was 3.875. The
range in May was 3 to 6 and in January was 2 to 5. The biggest change occurred in
her response to the statement, “There is always a rule to follow when solving a
mathematical problem.” In May, she strongly disagreed with this statement and in
January she slightly agreed with it. When asked about this change she replied,
It just didn’t seem like anything had names ... [In Core] I didn’t think of
anything as being like, you do this every time. It just kinda seemed like, do
whatever it takes to get the problem done. You can solve it any way, but I do
think there’s lots of times where you do the same thing over and over again.
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Her Core-Plus experience was in contrast to her experience in the precalculus course
where things were put in categories and were used in that chapter and for that test.
Also, in the precalculus course much of the presentation during lecture was of the
form of here is what you need to do to do this type of problem, now let’s practice a
few, and then you will have homework asking you to do more.
Another large change occurred in her response to the statement, “Computation
and formulas are only a small part of mathematics.” Her response changed from
slightly agree to disagree. This change may reflect the emphasis in her precalculus
class that was placed on symbolic manipulation and going through the correct steps to
get the correct answer.
When Sally talked about the composition of mathematical knowledge during
the interview sessions she usually implied a belief that the important parts of
mathematics are the facts, formulas, and algorithms. At one point in our initial
conversation I asked about whether or not she thought that students could discover
mathematics on their own. Her response provided some insight into what she
believed about the composition of mathematics. It included the following:
I don’t think it’s really important for them to discover it. If somebody can tell
you how to do it, why should you sit there with a calculator and hit every
single button until it finally comes up. (They should) kinda start you off, you
know, this is the rule you don’t know about, or here’s a formula that you
might be able to use.
The parts of mathematics that she identified in this response were rules and formulas.
The importance of facts and formulas surfaced again in our final interview. When I
asked her if she used the book for more than the homework problems, she said,
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“When I studied for the final I went through the book and looked for anything in the
little green highlighted boxes. Like do I know what this is? So I did use it to study
for the final.” This statement also implies that what she thought she needed to know
for the final could be found in the green boxes: primarily facts, formulas, and
algorithms.
This emphasis on facts, formulas, and algorithms was also reflected in Sally’s
problem-solving activities. She often looked for examples when she was not sure
what to do. The first problem of the second problem-solving session asked Sally to
first solve an exponential equation, 3*’

= — , and then to solve a logarithmic
/

equation, log(8 - Ix) = 3. She was not sure what to do to solve the exponential
equation and so began by looking through her notes to try to find an example. While
looking she said, “I’m just looking up how to do that kind of equation, like linear, I
can do in my head backwards. I don’t know what I am looking for. Like, I just don’t
know how to get the x out of that power. Like if it was three squared, I could take the
square root of both sides.” I then asked what she could do to get the variable out of
the exponent and she said, “log.” She then went through the rules she knew about
solving equations using logs and correctly solved the equation but did not have much
confidence in her solution. Then when she went onto part (b), the logarithmic
equation, and immediately she said, “ I should have just looked at b instead of
worrying about how I was going to solve a and I could have just seen that in the notes
I could have used logs, you know log season.” When trying to solve these two
equations, Sally focused on finding the correct algorithm to use. Her final comment
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just reinforces that all she really needed to know was the direction to take and then
she could pick out the correct rule and solve the problem. She did not think about the
mathematics she was using while working on solving these two equations.
In the same interview, when trying to find the equation for a parabola given
the vertex and one other point she was once again having a hard time making
progress. She began by drawing a sketch of what the parabola might look like. She
then tried using the two points and quadratic regression on her calculator to get the
equation. That did not work and she was not sure where to go from there. Then she
said, “Now I have to remember how to do it. Just a minute, I don’t know how to do
it.” She looked through her book for a minute and then said, “You don’t happen to
know what section it is in?” She wanted to find the rule that she could use. To help
her out, I asked her to tell me about quadratic functions and the ways that their
equations are written. She replied, “There’s just two different ones, you have either a
times x minus h squared plus k or you have ax squared plus bx plus c.” I followed up
her statement by asking her when one form might be more useful than the other.
Sally was not able to provide an answer to this question. Once again this is an
example of Sally memorizing the rules but really not having a context or much
meaning behind the rules.
Throughout the semester, Sally expressed frustration when she could not or
was not allowed to find solutions using her calculator. This frustration was evident
during the first problem-solving session when we were talking about how she
performed on a recent quiz. She said:
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Well the whole quiz was radicals... One was just graphing, I’m like oh, that’s
just fine because I graphed it on my calculator and drew it, and then there was
a problem that was like square root of x minus the square root of x plus 3
equal 1. And I couldn’t solve it by hand. I kept trying and trying. And I was
going at it and I couldn’t figure it out. I’m like how do you do this and every
time I’d get something I’d put both of them into the y equals and see if they
came like from the same tables, and I never got it. So I don’t think that I was
doing it right.
Sally knew that on the quiz she had to solve the problem by hand but she was not able
to remember how to do it and as a result was frustrated.
It was almost as if Sally had some symbolic rules that helped her solve
problems and some calculator algorithms that she used when she was unsure of her
algebra. She didn’t understand why the instructor did not always accept her methods
as valid solutions; after all, she got the correct answer. Sally’s frustration in these
instances seemed to stem from not being able to use the rules that she knew and that
worked for her.
From our problem-solving interviews, it appeared that Sally’s conceptions of
the composition of mathematical knowledge was that it was made up of facts,
formulas, and algorithms. However, for her, calculator solution algorithms were
included in her belief of what is important and valuable mathematical knowledge.
Structure of Mathematical Knowledge
Sally’s ratings in this category were 4.75 in May and 4.625 in January. The
range in May was from 3 to 6 and in January was from 1 to 6. All of her responses,
except one, stayed the same or changed by only one point. Her response to the
statement, “Finding solutions to one type of mathematics problem cannot help you
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solve other types of problems,” changed from strongly disagree in May to strongly
agree in January. This is very reflective of how she approached the course
throughout the semester. She saw the different chapters of precalculus as
disconnected and as she finished one section of the course by taking the test she
removed those notes from her notebook and put them somewhere else because she
knew she wouldn’t need them until studying for the final exam. When talking about
this practice she said, “Well it (an example that she was looking for) isn’t in this
notebook, because, I know it sounds really bad, but once you get into something, like
right now, I only have to know one thing, and that is to take the log of both sides of
an equation.” However, when asked what she would tell someone taking this course,
she replied, “And just make sure you understand everything before you move on,
because it all kinda builds.” So, from the interviews, it seemed that Sally didn’t have
a stable and consistent conception of the structure of mathematical knowledge.
When Sally was confronted with a problem, she didn’t regularly look for the
connections to other things or areas but if they were pointed out to her she seemed to
be able to use them. For example, during the third problem-solving session she was
given that tan 6 =-=•, with the terminal side of the angle in the third quadrant and she
v5

was asked to find cos# and e sc # . She drew a diagram of the unit circle with a ray
in the third quadrant and the appropriate reference triangle. The difficulty she was
having was trying to decide whether cos# and esc# were positive or negative. I
asked her about what she knew about #and she said it was between 180 and 270
degrees because it was in the third quadrant. Then I asked her if the could think about
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cos# any way other than the unit circle and she said she could use a graph. By
looking at a graph of y = cos# she then decided that the value of cos# would be
negative because the graph was below the x-axis when # was between 180 and 270
degrees. This interaction indicates that Sally knew that the values of trigonometric
functions on the unit circle corresponded to values on the graph. With some direction
she was able to use this connection to help her solve a problem. However, it appears
that she would not have used that connection on her own.
One example of Sally effectively making connections on her own occurred
during the third problem-solving session when she was asked to determine if the
equation Ssinx = 7 had a solution. She first divided by five and said, “sine of x
equals 7 over S. And that would be like, say, the opposite side is longer than the
hypotenuse because sine of an angle is opposite over hypotenuse and the hypotenuse
has to be longer than all the other sides. That’s what makes it no, so no.” This
example shows Sally making connections on her own and reasoning from those
connections.
Another time that Sally saw connections was when she was learning to solve
trigonometric equations. She was very frustrated because she didn’t get the point of
what they were doing. When I asked her what she thought they were doing, she
correctly identified that they were doing algebra on trigonometric equations but then
said, “We have already done algebra.” So although she didn’t want to be doing
algebra again, she was able to see the connection between what she was doing then
and what she had done earlier.
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Sally’s view of the composition of mathematics seems to be mixed. She says
that it is connected and at times uses those connections in problem-solving situations.
However, when trying to solve a problem, she more often tries to find the correct fact
or rule that will lead her to the solution.
Status of Mathematical Knowledge
Sally’s rating in this dimension was 4.75 in May and 5.0 in January. Six out
of the eight of her responses in this dimension stayed the same. The two that changed
both increased by one point between May and January. So according to the CMI
results Sally’s conception about the status of mathematical knowledge was very
similar in May and in January.
This dimension was not strongly reflected in our problem-solving sessions but
in the first interview Sally was asked, “How, if at all, do you think that mathematics
is changing.” She responded with, “Well this is different. Core is different.” I
followed up by asking if the math was different. She said, “No. Because like I said,
my fiends like that took regular, and I would be like well I know how to do that.”
This statement referred to an earlier part of the conversation when Sally was talking
about the mathematics she knew compared to what the students in the traditional
program knew. She said, “I could do all the stuff that they can do. But I just don’t
know what they call it. They would be like, "do you know how to do this?’ And I
was like, ‘I don’t know, maybe, show me a problem.’” So for Sally even the
mathematics she was learning in Core was not really different mathematics. So it is
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unclear why Sally’s responses indicated that she believed that mathematics was
changing.
Doing Mathematics

This is a dimension for which Sally’s rating decreased. Her rating in May was
5.125 and her rating in Januaiy was 4.625. The range in May was 3 to 6, with four
6s, and in January it was 2 to 6 with only two 6s. Her response to the statement, “If
you knew every possible formula, then you could easily solve any mathematical
problem,” changed from strongly disagree to slightly agree. She indicated that
formulas were more important to doing well in her college class than they had been in
high school. She felt that all she really needed to know was how to get the answer
using the method that had been taught and it was not necessary that she be able to
explain how to get it. This also supported what I saw happening in her problem
solving sessions when she could find and identify the correct formula but really
couldn’t tell me much about it. A specific example of this was already discussed in
the section on the Composition of Mathematical Knowledge. As was discussed
previously, throughout the interview process, Sally’s focus seemed to be on getting
the correct answer to the problem and not on making sense out of the problem and
solution process. When asked about what she did when she got stuck on homework
problems in high school, she said, “Well it’s not really anything, it’s just kinda either
you know it or you don’t. ... It was like, well, do you know how to do what they’re
asking, and if you don’t then just wait and ask him in class. I usually just skipped it
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in the homework.” At another time, when she was talking about what she did when
she wasn’t sure what to do, but had found an answer by some method, she said, “I
don’t think that you, I mean I would just go with that and move on, but I mean, that’s
what a lot of things are, like I just will try it and see what works and like find
shortcuts if I don’t really know how to do it.”
Sally used the same approach in college. At the beginning of the first
problem-solving session I asked her how the homework was going and what she was
doing. Her response included,
I can go through the homework in like half an hour, 45 minutes. I try to work
them out and then I check the answers in the back and if they are not the same,
I try to figure out how they got it and then like if I don’t see right away what
the mistake is, then I highlight it and just wait to ask about it in recitation.
This way of approaching homework fits more closely with a conception of doing
mathematics as getting the correct results. If she couldn’t quickly get the right
answer, she waited until someone could show her how to do it. Furthermore, these
actions seemed to be consistent in high school and throughout the first semester of
college mathematics.
However, when finding the correct answer by following a rule wasn’t working
for Sally, she did seem to want to know why the rule wasn’t working. This occurred
in the first interview when she didn’t know the rules regarding horizontal translations
of functions. One example of this was already discussed in the section on the
composition of mathematical knowledge. In thinking about finding the zeros of the
function h(x - 3) she was translating the graph of h(x) to the left instead of to the right.
After identifying what she thought were the zeros, she checked her answer and
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determined that it wasn’t correct. At that point she decided that she must have to
translate the other direction and she found that that translation gave her the correct
zeros. However, after getting the correct answer, she said, “So I’m supposed to move
them (the zeros of h(x)) to the right. It just doesn’t make sense to me. Why if
something is going to be x minus 3, why are you moving it to the right?” She was
very persistent and would not move onto the next problem until I explained this to
her.
At several times during the semester, Sally described what she did to work
problems during recitation. Her first explanation was, “We get in our groups, but
usually the room is like people writing. Nobody is really like how do you start this.
Because nobody feels like going through all that. If I know what I am doing I like
quick write it down and then like if I don’t then I say how do you get it.” In the
middle of the semester she described the recitation problem-solving session as
follows: “It’s kinda like working alone, we will say stuff out loud just so we don’t
write it all down and go, oh no, we did it wrong. We just kind of like say out loud
what we are doing.” She went on, “If we didn’t get something, we just asked the
other groups around us. And then we would end up just copying to get it done,
because we wanted our points.” Both of these descriptions clearly focus on getting
the correct answer. The reason to perhaps work together is so you don’t write down
the wrong thing. During the recitation meetings, making sense did not seem to be the
focus for Sally.
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This focus on only getting the correct results often left Sally being able to
correctly solve a problem but unable to explain why. Sally sometimes talked about
the need to understand and thought that she should be able to understand the
mathematics. However, Sally’s initial focus was rarely on making sense out of the
mathematics. She was usually content to get the correct answer. It was when she was
not able to get the correct answer that she was more likely to try to make sense out of
the situation.
Validating Ideas in Mathematics
Sally’s rating in this dimension changed more than in any other dimension. In
May her rating was 4.625 with a range from 2 to 6, with only one 2 and one 3. In
January her rating was 3.875, with a range of 2 to 6 with three 2s and one 3. This
change was not surprising to me because as the semester progressed Sally
increasingly looked to me during problem-solving interviews to tell her whether or
not her answer was correct. Her response to the statement, “In mathematics, the
teacher has the answer and it is the student’s job to figure it out,” changed from
disagreeing in May to slightly agreeing in January. When asked about this, she
indicated that, “In high school... a lot of times my teacher would pretend that he
didn’t know and be like, I don’t know how to do this, what do you think. But this
was more like, this is how you do it, so I’ll teach it to you and you’ll remember it.”
In both administrations of the CMI Sally agreed with the statement, “You
know something is true when it is in the book or a teacher tells you.” This was
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supported by her reliance throughout the semester on someone else telling her that
she had done things correctly. She did not question the book or the teacher. Once on
a test that she had gotten back, she had correctly worked a problem, using methods
other than those presented in class, but it had been marked wrong. She was unwilling
to go and ask about the problem because she assumed that she had to do it some other
way in order to get credit. I mentioned this to the instructor during our interview and
explained Sally’s solution method. He said that he would have given her credit if she
had taken it to him.
However, the most interesting thing that arose regarding validating
mathematics for Sally was the extent to which she relied on the calculator to validate
her mathematics. She used the calculator to check most of her work and when she
didn’t know what to do she would try to use the calculator to get the answer. Also,
when her answer and the calculator’s didn’t agree she was much more likely to use
the calculator answer. This use of the calculator as an outside authority in her
mathematics became more apparent as she moved through the semester. One
example of the way in which she used the calculator to validate her solutions occurred
during the last problem-solving interview. She was trying to identify the domains and
ranges ofy = tan(x) and y —log (sin(jc)). She used the calculator tables and graphs to
help her find these domains and ranges but when asked why she gave the answers she
did, she simply made statements such as, “ the zero is not included in the domain
because it’s not, it says error,” or “because that’s what it looks like on the graph. It
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looks like it starts at three.” This was a case where her using the calculator as an
outside authority hindered her ability to think about the mathematics.
In other cases she used the calculator to verify that what she had done was
correct or to help her see where she needed to go. She said that when answers were
not available at the back of the book she sometimes solved the problem using the
calculator and then tried to reason to the answer using symbolic manipulation. Or
after rewriting an algebraic expression she would use the tables on the calculator to
verify for herself that she had simplified it correctly.
Sally did not seem to be able to justify many of her processes with
mathematical reasoning. Sometimes she would be able to convince herself of the
correctness of her answer to a problem by using calculator methods to solve the
problem. If she couldn’t do that, she depended on the back of the book or the
instructor. Her rating was probably higher at the end o f high school because there
were times when her high school teacher required her or her group to validate the
solution to the problem for themselves.
Learning Mathematics
Sally’s rating in this dimension also decreased. In May her rating was 5.125
with a range of 3 to 6 with only one 3 and no 4s. In January her rating was 4.S63
with three 3s and one 4. She attributed much of this change to the fact that she didn’t
have to memorize anything in high school since she could always use her notes on
tests and quizzes. However, I think that her conceptions about mathematics requiring
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the memorization of intact knowledge may have been much deeper than her reason
might imply. When looking at what she had placed on her review sheets for tests in
precalculus, I noticed that she had written primarily facts and algorithms. Her reason
for this was that in precalculus she knew she had to memorize them and in high
school those same kind of things she could just look up. 1 don’t think she really was
any more focused on understanding and thinking in high school; it was just that she
didn’t have to memorize anything for her high school mathematics course.
This conception of memorizing intact results was prevalent thoughout all of
the interview sessions. Her explanation of her high school teacher and what he did to
help them learn math included this statement: “He’d let the kid explain it and then
somebody would still be like, ‘what?’, and so he’d explain it again. He never
stopped. It was like he would tell you until he was blue in the face. Like how to do
it. Until people remembered.” The important thing to know about this statement of
Sally’s was that she thought this was an effective way of getting students to learn.
They really just needed to remember things in order to be successful. Sally often
used the word remember when describing what she needed to do to learn. Another
example of Sally’s emphasis on memorization occurred during the last interview
when we were talking about the last test of the semester and the final exam. Sally had
done poorly on the last exam and said, “If I would’ve been better on the last test then
it’s ok if I can’t remember something on the final, because I would have had a little
more cushion.” This comment seems to imply that what Sally believed she needed to
do for the final was to be sure she remembered all the necessary things.
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Sally’s focus when studying was also often on memorizing the necessary
information. Before tests her studying seemed to focus on knowing the things that
were in the boxes in her textbook. A specific example of her focus on memorizing
information occurred in the chapter on trigonometric identities. She was having
trouble with the identities and we were discussing what she was going to do so that
she could do better. In response to the question, “So do you have a plan about how
you are going to figure out where they (basic trig identities) come from?” she replied,
“I usually work with flashcards. ... Like this equals this or whatever on the front and
the back and then I would probably start doing them that way.” Once again the focus
was on memorizing the identities rather than on constructing and understanding how
they are related to each other and where they come from.
This appears to be another case in which Sally’s actions and statements during
our interviews and problem-solving sessions do not agree with the results of her CMI.
She seems to believe that the best way for her to be successful is to memorize the
necessary information. Sometimes she is memorizing algorithms and sometimes she
is memorizing facts. But either way it doesn’t seem that thinking is more important
to Sally than memorizing.
Usefulness of Mathematics
Sally’s ratings on the usefulness dimension were the same, S.87S, at both
administrations of the CMI. Her responses to all statements except one were 6 at both
times. This indicates that at both times she saw mathematics as very useful. She was
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in an engineering program and knew that mathematics was going to be important to
her success in that program.
In May when I asked her if she thought she would use math in her life, she
said, “Yeah, I think it (math) is pretty much the basis for engineering and science.”
She also believed that even if she did not use the mathematics in the same ways that
she had learned in Core that she might use it in some other way. For example, she
said,
Some of the time when we got into the Ferris wheel stuff, we’d be like, ‘Who
of us in this room is going to be designing a Ferris wheel?’ But maybe if you
work at GM you are going to have to design like the gear that is a wheel and
you know like gear stuff Like this stuff happens.
Even though she wasn’t sure exactly how she would utilize the mathematics, she did
not see it as a waste of time.
In January when I asked her how she might use the math that she had learned
that semester, she said, “We’ve already used it. He is already reviewing stuff that
we’ve done. And the whole time last semester the professor said to us, well, you’ll
need to know this, or later in calc classes you are going to use this.” So in January
she still believed that she would use the mathematics, but her focus was very different
than it had been in May. During this last interview, she only talked about how she
would use mathematics in other mathematics classes.

Randy
Randy attended a high school in a middle class suburb of a small industrial
city. He received As in all his high school mathematics classes. Randy did not feel
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as if he was challenged in his high school math classes. After taking Pre-algebra in
eighth grade, he chose to take CPMP rather than Algebra 1 because he thought that by
taking CPMP Courses 1 through 4 he would end up in the same place as the AP
calculus students. He thought it was a way to get up to the same level as the students
who had taken Algebra as eighth graders. He said,
I am real disappointed in the classes (CPMP). They said it was going to be
much more than it was gonna be, like 1 thought it was gonna be more highlevel class than it was. But it didn’t turn out that way. It didn’t go into, it was
all the basics, it just didn’t seem accelerated. Didn’t cover a bunch of
material.
When asked to describe himself as a math student he said, “I’m probably, ability-wise
right now I’m below average because of this class. But as long as, I’m the kind of
person if it’s taught to me I can do pretty well. I just have to be taught the material.”
I then asked him if he thought he would be a better math student if he had been in a
different math class. His response was, “I could probably have handled AP calc and
if I was taught it all I probably would have placed out of there and been in Calc 2
right now.” All of these statements indicate that Randy thought he was a very
capable math student. He had not really felt challenged during high school and
believed that he could have learned much more. However, in the final interview, in
reference to his high school mathematics classes, he did say, “I think I learned what I
needed to learn. I think that most people that don’t do well in integrated, wouldn’t do
well in the other track either. So, I don’t think it was really so bad. I learned a lot
more than I thought I learned.” So in May, Randy was not happy with his high
school math experiences but by January he felt ok about them.
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Randy attended Northern University and was intending to major in some type
of engineering. Based upon the placement test he enrolled in precalculus. He was in
the same precalculus class that Sally was in. For a description of the class and the
instructor refer back to the section titled, “Precalculus at Northern University.”
Randy did not have any trouble being very successful in this class. He regularly
attended both the lecture and the recitation and did his homework. He felt as though
he was one of the stronger students in his precalculus class. The problems that he
was asked to work during the problem-solving sessions were also fairly easy for him.
There were only a few that he had to stop and think about. The rest of them he was
able to work almost straight through without much hesitation.
A bar graph indicating Randy’s conceptions as portrayed by the CMI and
those of his instructor, Mr. A is provided in Figure 17. The following sections are a
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Q Mr. A ■ Randy May □ Randy Jan

Figure 17. Bar Graph of Randy’s and Mr. A’s CMI Ratings.
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detailed analysis of Randy’s conceptions as they were revealed through the CMI, our
interview sessions, and our problem-solving sessions. Randy completed all the
interview and problem-solving sessions and both administrations of the CMI.
However, he did not respond to repeated requests for his view of why his responses to
the CMI changed as they did between May and January. Thus it is not possible to
provide his reasons for any changes that occurred.

Composition of Mathematical Knowledge
Randy’s rating in this dimension was 3.25 in May and 4.75 in January. This
was the only dimension for which Randy had a rating below 3.5 in either May or
January. In May, the range of his answers was 1 to 5 and in January the range was 4
to 6. In May, his responses reflected a much greater emphasis on the importance of
computation. For example, in May, he strongly agreed with the statement, “Learning
computational skills, like addition and subtraction, is more important than learning to
solve problems.” In January, he disagreed with that same statement. Also his
response to the statement, “Computation and formulas are only a small part of
mathematics,” changed from disagree to agree. These two changes account for a
large part of the change in Randy’s rating in this dimension.
The responses to statements regarding the use of steps and rules to solve
problems also changed. In May, he seemed to think that following steps or using
rules to solve problems was widely useful. This is reflected in his slight agreement
with the statement, “There is always a rule to follow when solving a mathematical
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problem,” and his slight disagreement with the statement, “In mathematics there are
many problems that can’t be solved by following a given set of steps.” In January,
his responses to these two statements were disagree and strongly agree, respectively.
As was reported in the introduction to the case of Randy, he did not respond to
requests for explanations about why he thought these changes occurred.
This change was also apparent in his interview responses. In May, when I
asked him about how important memorization was, he said, “It’ll help you to
memorize basic equations, just the basics so you can usually go through things like
quad root and stuff like that. It would be nice to memorize every single equation, but
I think the more you can memorize the better it would be.” In January, his response
to the same question was, “I guess I would say yes. I just knew how to work
problems out. I didn’t memorize too many formulas. I don’t actually think there
were that many.” So this change in his conception about the importance of
memorization seems to be consistent between his CMI responses and his interview
responses.
In general, the interviews seemed to reflect the fact that Randy’s conceptions
in this dimension were not at either extreme. He clearly thought that facts, formulas
and algorithms were important to know, but at the same time he indicated that
relationships and understanding were important. In our initial interview when I asked
him about what he would have liked to have learned in high school that he didn’t, his
focus was on facts and algorithms. He said,
More factoring. And taking x and y and putting them in equations and solving
for x and.y. Just all different kinds of equations like x over x squared,
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different setups, all forms. How to go from here to there, going around this
equals that, moving things around, how to do it.
However, in that same interview, when I asked him about the importance of
understanding he said, “I think understanding the big concepts is a little important,
but understanding the little things is more important.” I then asked him about what he
thought was important to know about lines. He said, “I think it is important to know
how each piece fits into it. Like you have an equation, but from the equation how
you can graph it. Like if you have a table how you can go to the equation or to the
graph from the table. How they all work together.” This response indicates that he
thought knowing the relationships present in a linear situation was important. In the
final interview when I asked the question, “What is mathematics?” he responded
with,
Manipulating, I don’t want to say numbers, but they are symbols that you use.
It’s a way of performing operations to better understand what you have. If
you are given a set of information, you perform operations on it to get some of
that stuff. In order to understand.
This response seems to really capture Randy’s conception of the composition of
mathematical knowledge: It is made up of facts and procedures that are used in order
to bring understanding to a situation. That implies that the understanding is also a
part of the necessary knowledge.
During the problem-solving sessions, Randy exhibited the ability to use the
facts, formulas, and algorithms of precalculus and the general principles and
conceptual knowledge underlying them. The best example of this came in the third
problem-solving session. Randy was working on finding the domain and range of the
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function^ = log(sin x). He began by using his calculator to graph the function. Then
in order to help him see relationships he had the calculator graph, on the same screen,
y = sin x and y = log x. After spending some time looking at the graphs he said, “I see
what’s going on now. Everywhere the function of sine is negative, the graph will be
undefined.” I asked, “Why?” He responded, “Because everywhere the function of
log x, it’s undefined for all negative numbers and zero. So wherever the graph of sine
x is either zero or negative, the graph of log(sin x) would be undefined.” The manner
in which he approached this problem indicated that he had memorized facts about the
logarithmic and trigonometric functions and domain and range, but that he knew
more than just rules about how to find domain and range. He understood the general
ideas behind them and he indicated an understanding of composition of functions that
was much more than a procedural understanding.
So overall, Randy’s responses to the CMI seemed to agree with what he said
in his interviews and how he approached mathematical situations. He made sure that
he knew the facts, formulas and algorithms associated with the mathematics, but in
addition he was able to explain things and use general concepts and principles.
Structure of Mathematical Knowledge
In May, Randy’s rating in this dimension was 4.875 and in January it was 5.
The range of responses in May was 1 to 6 and in January it was 2 to 6. The only
response that was below 4 at either time was to the statement, “Mathematics is mostly
thinking about relationships among things such as numbers, points, and lines.” In
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May, he strongly disagreed with this statement and in January he disagreed with it. It
is not dear why this response was so much different than the others in this dimension
but it may have been because of the specific examples that were used in the
statement. In May, there was one response of 4 and the rest were either 5 or 6. In
January, Randy’s responses to all except the above statement were 5 or 6. This
overall response pattern indicates that for Randy mathematics was a coherent system
rather than a set of isolated facts.
His interview responses also indicate that he believed that mathematics was a
coherent system. He had no doubts that his mathematical learning built upon itself.
This belief is part of the reason why he was unsure that the material that he had
learned in CPMP was composed of enough of the “right stuff.” He wanted to be
ready for his next math class and wasn’t sure he had learned enough. In our first
interview when I asked him about how he would explain math to someone who
wasn’t familiar with it, his response included, “It’s got to be logical. It has to have a
reason to it. It has to fit together so you could work backward and forward.”
It was clear that when Randy was doing mathematics he used the idea that it
should all fit together. He regularly used multiple representations of problem
situations to help him determine a solution path and or to check a solution. One
example of Randy using multiple representations to help him solve a problem is from
the second problem-solving interview. He had been given the population function
P(t) =

2

^

9

’ w^‘c*1 Save population in thousands after t months. He was trying to

determine when the population was greater than 30,000. He first drew graphs of the
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function and ofy = 30 and found one point of intersection. He then said, “I get
7.7S29 months, so its going to be the very top number, but it won’t be equal to that, it
will be less than that.” He continued,
You could also do this algebraically setting the equation the original equation
for p of t equal to 30, find them and then use my calculator to see if it’s
greater or less than. Actually I probably wouldn’t. I would just keep the signs
in there and change them as needed.
The last part of his thinking referred to using the signs of the factors to find the proper
solution set. By the way he worked this problem it was clear that he knew the
relationships between the symbolic solution and the graphical solution processes.
Throughout our problem-solving sessions, Randy used the relationships between
these two representations to check his work. He expected them to fit together and not
contradict each other.
Randy’s conceptions in this dimension seem to be very consistent. His
responses on the CMI indicate that he sees mathematics as a coherent system. In
addition, our conversations and problem-solving sessions indicate that he acts as
though one part of mathematics is connected to another and what he learns at one
point will be useful to him at a later point.
Status of Mathematical Knowledge
Randy’s rating in this dimension was 4.625 in May and 4.875 in January. His
responses to six of the eight statements in this dimension were the same in May and
January. The responses to the other two statements each increased by one. In our
initial interview he indicated that he thought math was changing and when I asked
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him how he thought it was changing he said, “It’s becoming more, I don’t know if
exact, but I think it’s going farther into math. Seems like people use it a lot more
now.” This was the only time that the status of mathematical knowledge came up in
either our interview or problem-solving sessions. He did not have a clear idea of
exactly how it was changing but did think it was. This response does agree with the
rating from both administrations of the CMI.
Doing Mathematics

Randy’s rating in this dimension was 4.5 in May and 4.75 in January. In May,
the range was from 3 to 6 and in January it was 2 to 6. Randy’s lowest response for
both administrations was to the statement, “If you knew every possible formula, then
you could solve any mathematical problem.” The only other response that was more
toward the negative pole was slightly agreeing, in May, to the statement, “One can be
quite successful in mathematics without understanding it.” All of the rest of his
responses indicate that Randy thought that mathematics should make sense to him
and that doing mathematics required that he try to make sense out of mathematical
situations. This view of needing to make sense out of the mathematics was only
slightly reflected in our interview and problem-solving sessions. There were many
indications that Randy was often concerned more with getting the result.
One indication of Randy’s focus on getting the correct answer was that he
repeatedly talked about his goal of being able to get things done fast. In our first
interview session we were talking about what happened during his high school class
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and he said that mostly they worked on problems. I asked if he worked alone or with
others and he said alone. When I asked why he said, “Get it done faster.” Later in
the same interview we were discussing the role of memorization and why he thought
it was helpful to have some things memorized. He said, “So when you are doing
problems you don’t have to look back all the time. That way you know it for the test.
And can do it faster. Speed.”
Although this emphasis on speed did not come up in our other interviews,
there was still a focus on getting the correct answers, rather than on understanding the
mathematics behind the answers. In the final interview, I had asked him if he found
the lecture or the recitation more helpful. He replied,
The lecture. I just feel that he taught the stuff really well. Going through how
he was deriving the information. Giving an example, going through all that.
Giving another example where you can try. And he shows us where we might
have gone wrong. I think the lecture. The recitation, I liked getting another, a
TA, giving another viewpoint on it. So it gave us a couple of other tricks that
you might be able to do. And that was real helpful.
What Randy seemed to like about both the lecture and the recitation was that he was
shown how to do the problems. He did mention that the instructor provided some
motivation, but the focus seemed to be on getting practice in doing the problems. In
this final interview, when we discussed what he concentrated on when doing
mathematics, Randy implied that the important thing was to get the correct answer. I
asked him what he did in recitation and whether he worked alone or with a group. He
said that he worked with a group but that, “We worked them separately, but me and
one girl in particular, worked a little closer. Like through the problems, we would
make sure we were both on the same track. Then we all compared our answers once
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we were basically done.” When talking about how Randy knew he was ready for a
test he said, “If I could handle doing all the problems by myself without asking for
help.” So it seems that what Randy used to determine if he was doing ok in math was
whether or not he was getting the correct result. Understanding did not seem to be
the central focus for Randy.
During our problem-solving sessions this focus on sense-making seemed to be
present only some of the time. There were times when Randy did a problem using a
rule or formula and when I asked him to explain the formula or rule he said he just
knew it was right but didn’t know why. This was particularly obvious when we were
500/
talking about the asymptotes of the function P(t) = —2— - . In explaining what he
a

I

I

✓

was doing, he said, “Ok, I’m looking at the degree of the variable on the top versus
the variable on the bottom. The degree on the top is less than the one on the bottom,
which means the horizontal asymptote will be the line.y equals zero.” I then said,
“Can you tell me why that’s true?” He replied, “I don’t know. I just know that’s a
fact.” Not only did he not immediately know why, he didn’t seem to want to try to
figure it out. A similar thing occurred regarding the algebraic rules for determining
whether a function was even or odd. He used the rules but had no understanding of
why they were what they were. To him they seemed somewhat arbitrary. He
couldn’t remember them and had no reasoning to go along with them.
Although there were times when Randy used rules or formulas without
understanding them, in situations where he wasn’t sure what algorithm or rule would
work he demonstrated both the ability and the desire to make sense out of the
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situation. The best example of this occurred during our last problem-solving session.
He was working on the following problem: “Given sin 41° =■a and cos 41° = b. Find
expressions involving a and/or b for cos 319°, esc 319°, and cot 319°.” Before Randy
said or did anything he thought for several minutes. The process that Randy used to
solve this is best seen by looking at the entire conversation that we had.
Randy: First I’m just trying to see if 319 is divisible by 41 degrees. See if
that will point me in any direction. And so, 319 plus 41 equals 360, so I’m
not really sure exactly what they want. Do they just want anything like a or b
on that?
R: Uh huh. So one of them might be 1 over a, one of them might be a plus b
... What are you putting in there?
Randy: I’m just seeing what the value of cosine 41, cosine of 360, and the
cosine of 319.
R: What mode are you in?
Randy: I’m in degrees now. (He then drew a diagram of the unit circle with
a 41° and a 319° angle indicated.)
R: What’s puzzling you?
Randy: Still really not sure what I should write down. Right now the cosine
of 41 and cosine of 319 are equal.
R: Ok
Randy: That puzzles me a little bit.
R: About why they would be equal?
Randy: Yeah, they are in different quadrants. I see why now because the x is
positive in both the cases, but .y doesn’t matter, so..
R: Ok, so what’s the cosine of 319 degrees? If the sine of 41 degrees is a,
and the cosine of 41 degrees is b.
Randy: So cos 319 equals b.
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R: Ok.
Randy: And all that, ok. That’s going to be equal to ... . I know that the
cosecant is equal to one over sine; the cosecant theta is equal one over sine
theta. ... That’s true. I was wondering since, if the sine of 41, 1 over the sine
of 41 is equal to the cosecant of 319, then 1 over a is equal to that?
R: Ok. Is that true? Does that make sense to you?
Randy: Yeah, it makes sense.
R: Does that say that the sine of 319 is equal to the sine of 41?
Randy: That’s why I’m trying to check it. Actually, they’re not because...
So, 1 over a equals, negative 1 over a equals cosecant 319 degrees.
R: Does that make sense in terms of the little diagram you drew over there?
Randy: Yeah, because with the cosine, you’re just worried about this right
here, and with the sine you got this which is both positive and you’ve got
negative and positive. So, it’s going to come up negative and that would
come up positive. So you’ve got cotangent of 319. I know cotangent is just
cosine over sine so I’m wondering ifjust cotangent of 319 degrees is equal to
b over a. So I can check that ...Let’s see what did I just prove. All right, it’s
going to be, I think if I make it negative it will work.
R: Ok, why do you think you need a negative?
Randy: That’s throwing me off again. The sine and cosine of 41 are both
positive, but, and the first quadrant, they both, everything is positive which
before you got a negative sine. I am sure it’s right now.
The thinking shown above shows clearly that Randy wanted the mathematics to make
sense to him in this situation. He could have stopped with getting the correct answer
at several times but he wanted to understand what was happening.
It seemed that Randy went back and forth between sense making and being
concerned with getting the correct result. He did mention that he liked the fact that
the instructor provided information about where the topics he was presenting came
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from and in the last example above he clearly wanted it to make sense to him. In
cases where Randy did not immediately see how to approach a problem, he did seem
to try to make sense out of the situation and to figure out how he could use what he
already knew to help him get a solution. However, Randy was concerned about
getting good grades and doing well on tests, which may have heightened his focus on
getting the correct answer.
Validating Ideas in Mathematics

In this dimension, Randy had a rating of 4.12S in May and a rating of 4.7S in
January. At both times the range of responses was 3 to S. In May, he had two
responses that were 3, three that were 4 and three that were S. In January, he had one
response of 3 and the rest were S. At both times he slightly agreed with the
statement, “When a classmate and I don’t agree on an answer in mathematics, we
need to ask the teacher or check the book to see who is correct.” Randy’s rating in
this dimension indicated that he thought that he could validate his own work through
logical thought and that he thought that it was important to do so. This conception
was strongly reflected in our interview and problem-solving sessions.
In our initial interview, when I asked Randy how he knew he if he got a
problem right or wrong, he said, “Usually with the class work, if it just came to me I
felt it was right. Usually with a test I’d double check everything, and if it didn’t come
out or the answer seemed totally irrational... like that doesn’t just look right.” When
I then asked him how he would double check everything, he said, “like with the
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graph, the equation, if it involved two steps, with those I’d go back and use a table
instead. Or take the answer and work backward and see if you got what you started
with.” This statement indicates that Randy did not really depend on someone else to
tell him whether or not he was correct.
Randy’s description of how he checked his work was very evident in all of our
problem-solving sessions. He regularly used his calculator to check his algebraic
work (and vice-versa) and he indicated that he did that with his work for the class
also. In the first interview he was trying to determine if the function,
/( * ) = —;— ------ , was even or odd. The first thing he did was graph the function.
x -4 x-5
After looking at the graph he said, “I think it’s neither. I can see that it doesn’t reflect
over the y-axis. It doesn’t seem to be odd, but it may. I want to do more.” He then
looked up in his book and used the algebraic rule to determine that it wasn’t odd and
concluded, “And f of negative x is not equal to negative f of x, so it’s not odd, so I’d
say neither.” This is an example of what Randy often did to validate his work.
Sometimes he would start with a graph to get a feeling for what was happening and
then move to the formal algebraic work. At other times he would begin with the
algebraic and then use a graph or table to check his answer. The calculator was an
important validation tool for Randy. But he never used it by itself.
Another thing that stands out about the problem-solving sessions with Randy
was that he never asked me whether or not he had done a problem correctly. He
seemed to be confident of his solutions and those that he was not sure about he
checked using methods that made sense to him.
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The conversations with Randy and his actions during the problem-solving
sessions all indicate that he did believe that he could validate his own work and that
he indeed did do so. This is in agreement with the results of the CMI.
Learning Mathematics
Randy’s CMI ratings in this category were 4.12S in May and 4.2S in January.
For both of the administrations, his responses were 2, S, or 6. Randy seemed to have
low scores for questions related to the role of memorization in learning mathematics.
In May, Randy agreed with the statement, “Learning to do mathematics is mostly a
matter of memorizing the steps to follow.” At that time he also agreed with the
statement, “Learning mathematics involves memorizing information presented to
you,” and disagreed with the statement, “Memorizing formulas and steps is not that
helpful for learning how to solve problems.” In January, his response to the first
statement above changed to disagree but his responses to the other two statements
remained the same. This pattern of responses indicates that Randy thinks that
memorizing plays an important role in learning mathematics. But Randy’s CMI
responses also indicated that he thought that learning mathematics involved more
thinking than remembering information, that students should ask questions when they
are not understanding, that he can learn mathematics on his own, and that he should
compare new ideas to old ideas when learning something new. This idea that
memorizing was important but that it was not all that was necessary when learning
mathematics was reflected in the interviews and problem-solving sessions.
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In our initial interview, Randy talked about what he wanted teachers to do to
help him learn new mathematics. He said, “Give an example and work through it a
couple times. Show you how it’s done. Give a couple different variations. And let
you have a trial run at it. Show you where you went wrong and how to do it.” None
of what Randy said indicated that he wanted to know very much about why. He did
want to be active in the learning process but his activity seemed to be focused around
following the examples that were given. This emphasis was not as strong when I
asked him what he did when he got problems wrong. In response to that question, he
said, “I’d wonder why I didn’t get it right. Just ask, ‘How come I didn’t get it right?
What am I doing wrong?’ Explain to me how to do it and why. Why it works this
way. What was I doing.” In this part of the interview Randy seemed to want to
understand what he was doing not just be able to get the correct answer. But in our
final interview he seemed to go back to the focus on memorizing. We were again
talking about what he needed to have happen in order for him to learn mathematics.
He said,
I think if you do stuff repetitively you learn it better. ... I sort of stop thinking
about it and just get into a little mode. Like I take notes on recitation or
lecture and I will take notes from the book. Then we will do a problem and I
just like writing it over and over. Gets it pretty much in there. That’s
basically how I study.
Once again, the focus seemed to be on doing the problem rather than on really
thinking about it. When I asked him what he did when he had trouble with a topic
from his precalcuius class, he told me that he hadn’t really had any trouble during the
semester.
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This was reflected in the fact that during our problem-solving sessions Randy
generally solved the problems without help from the book or me. For the most part,
the problems did not present many challenges to him. Most of the time he could also
tell me why he was doing what he was doing. Although there were some times, most
notably determining whether a function was even or odd and finding asymptotes, that
he just used a rule that he had memorized. When he did get stuck on something, he
would look up a rule or formula in the book and then complete the problem. He
didn’t go looking for example problems to help him decide what to do.
Randy was aware that the teacher couldn’t cover all the material during the
class time and that he had to read the book and understand what he was reading. This
did not seem to bother him at all. When I asked him to solve a problem that was
unlike any he had done before, he asked for clarification of what it was asking but
then used what he knew to try to understand the situation. (See transcript presented in
the Doing Mathematics section.)
Randy’s rating and pattern of responses in this dimension seems to agree with
what he said and did during our interviews and problem-solving sessions. He felt that
memorizing allowed him to solve problems quickly and that that was a necessary part
of being successful. However, he also wanted to be shown where things came from
and was able to use his knowledge in new situations when necessary. He was not
opposed to thinking in order to figure out mathematics but it seemed that it was more
important to him to just know how to do the problems.
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Usefulness of Mathematics
Randy was enrolled in an engineering curriculum and knew that he would use
mathematics in his life. His CMI ratings were S.87S and S.7S in May and January
respectively. He knew that mathematics would be needed in his physics and
chemistry classes. When I asked him how he thought he would use mathematics, he
said, “The engineering stuff, taxes, financial stuff, just going to the store, investing,
anything. Buying a car, buying a house.” This response indicates that not only did he
think he would use math in a variety of settings but it also indicates that he primarily
thought he would use numbers and computation. He did not mention any situation
that used mathematics other than algebra and arithmetic. So Randy believed that
mathematics was useful but he seemed to think about only a small subset of
mathematics when he talked about what he would use.
Ted
Ted attended high school at a small rural junior/senior high school. He earned
As in all of his high school mathematics classes. When asked to describe the type of
math student he was, he said, “I feel that I’m fairly bright and that’s what I always
liked to do. So I’m pretty good at it.” He also said that math was always easy for
him to learn. He had been in a different school district during his elementary and
junior high school years and said that he had been in advanced math classes. In ninth
grade he was placed in CPMP Course 1 with all the rest of the ninth graders. He said
that he did not learn much new mathematics for the first two years of high school.
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When I asked about the statistics and discrete math topics that were in the first two
years of CPMP, he said that, “yeah, that was new, but it was easy.” He thought that
he could have covered more material than he did during his high school mathematics
classes.
Ted felt that he might not be properly prepared for the algebra he would need
in calculus and so, during the summer after graduating from high school he completed
a College Algebra course at the local community college. He described this as a
traditional course with an emphasis on solving algebraic problems. The homework
for this course consisted of many problems and Ted said, “that it provided the
repetition that was necessary to really get it.” He said that sometimes they would be
given word problems as a part of the homework but that they were never on the tests
and so were really just a waste of time. He was allowed to use a calculator but it was
not integrated into the course. When we talked in August, he had completed the
College Algebra course with an A and was glad that he had taken it.
Ted’s ratings overall are lower than any of the other case-study participants.
It is not clear what effect his experiences in the summer College Algebra course had
on his conceptions and how he approached mathematical situations. However it is
important to note that there were not any large changes in Ted’s CMI ratings between
May and January. This despite having essentially spent two semesters in traditional
college mathematics environments.
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Ted’s Calculus Class and Instructor
Ted attended Northern University and based upon his ACT score was told that
he could enroll in Calculus 1 without having to take a placement test. He was in a
calculus class that met three mornings a week for SO minutes each time. There was a
common text, Calculus (Thomas & Finney, 1996) for all sections of Calculus 1 at
Northern University. Each instructor at Northern University decided whether or not
to allow students the use of calculators in their section of Calculus 1. Dr. R, Ted’s
professor, did not allow calculators to be used. He did say that it was all right if
students used them on their homework but they would not be allowed on any tests.
The class had about 3S students in it. The classroom set up was 42 desks arranged in
rows.
The routine for each class session was established very early in the semester.
Each day the professor would begin by answering questions from the homework. He
would then lecture on the new material for the day and interspersed in this he would
work example problems. He would try to motivate the new material with either an
application or a simple example that would lead into the more general ideas for the
day. The students often did not work any problems during class. At times the
professor would ask the students questions but the questions were generally of a
recall nature. In our interview, he said the following about how he tries to involve
students in class:
I try my best to get them to participate the best I can. I mean it’s pretty hard,
but try to keep them somewhat on their toes. Ask them questions. And I
found that it’s best to maybe ask them easy questions. Every once in a while
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I’ll throw in a difficult question, but lots of times just getting them to answer
easy questions, easy derivatives, or we want to set what equal to zero. At least
keep them involved so if they know that I’m going to ask them to answer
something that it is easy, that will at least keep them paying attention.
When students would ask questions during the lecture part of class, they were usually
related to computation. After presentation of the new material Dr. R would end the
class by giving a homework assignment. Usually this assignment followed a
recommended assignment from the department.
There were always more questions about the homework than there was time
available. During the homework question time, Dr. R would work any problem that a
student asked about. It was clear that not all students had done the homework before
coming to class. At one point in the semester I observed him work a problem that he
had previously worked during a homework question period at the beginning of class.
This happened because the students were required to turn in their homework only
once a week. The students were working on the homework problems at differing
rates and so each day they were asking questions from several sections. This was
especially true on the days homework assignments were due. Also on the days that
homework was due, students would arrive in class early and exchange solutions for
problems that they had not yet solved. After about five to ten minutes of answering
homework questions, Dr. R would say that was enough and he would move onto the
new material for the day.
The evaluation for this class consisted of weekly homework assignments,
three in-class tests, and a course-wide final examination. The homework assignments
were graded by a graduate student. Before returning the homework, Dr. R would
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look at it to see whether or not he agreed with the way it was being graded. His focus
was on what the grader was doing, not on what the students were doing. The three inclass tests all had a balance of problems: some were strictly computational, some
were more theoretical, and some were applications. When I asked Dr. R about his
emphasis on the tests he indicated that he tried to weight the computational and
applied parts to each be about twice the weight o f the theoretical part. The final exam
was primarily computational in nature. It was course-wide and not written by Dr. R.
In addition, the department required that each student complete an algebra skills test.
Dr. R allowed students to earn extra credit for passing this test. Students could take
the test as many times as necessary and had to get eight out of ten problems correct to
pass. Dr. R also had a policy that no student’s grade would be less than his or her
grade on the final exam.
The CMI ratings for Dr. R, along with those for Ted are provided in the bar
graph in Figure 18. Dr. R’s ratings were toward the positive pole in each dimension,
but none of them were extreme. Most of his responses were 4, 5 or 6, but there were
five 3s and two 2s. His ratings indicate that he believed that mathematics is a
coherent discipline composed of concepts, principles, and generalizations; that
mathematics is a dynamic field; that doing mathematics involves making sense out of
mathematical situations; that students should be able to validate their mathematics
through logical thought; that learning mathematics requires constructing and
understanding; and that mathematics is useful to most people. The following quote
from the interview with Dr. R seems to reflect many of his conceptions and may give
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Figure 18. Bar Graph of Ted’s and Dr. R’s CMI Ratings.
an indication why his ratings are more toward the middle than either end:
As a mathematician I would like to say I don’t want them to memorize
anything and I want them to think freely from day one. But I think the reality
is that people don’t understand things at first, and especially at the beginning
it’s good to have a procedure. And so we teach these methods, but the hope
being that they can branch out soon and that they’ll use these methods when
they are unsure and they are learning it.
In our interview, Dr. R repeatedly mentioned the importance of doing
problems. He felt that repetition was one of the best ways to learn and so the students
just needed to do lots of problems. When I asked him what the major goals of the
course were he first mentioned building better algebra skills and then he talked about
getting the students to be able to find derivatives. He then added that it would be nice
if they could understand something about optimization and rate of change. These
comments reflect conceptions that contain ideas from both poles of each dimension.
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Ted’s conceptions and how they were reflected in the interviews and problem
solving sessions are discussed in detail in the following sections.
Composition of Mathematical Knowledge
Ted’s CMI rating in this dimension was 3.5 in May and 3.25 in January. The
range of scores was 2 to 5 in May and 2 to 4 in January. For both administrations of
the CMI Ted had four responses that were 2 or 3. His responses indicate that at both
times Ted believed that mathematics is more about facts, formulas, and algorithms
than it is about concepts, principles, and generalizations. Ted’ response to the
statement, “Learning computational skills, like addition and multiplication, is more
important than learning to solve problems,” changed from agree to slightly disagree.
He reason for this change was, “Probably just because during Core-Plus people used
their calculators too much, so they couldn’t do any computational math. So that’s
why I said that that is more important than understanding formulas.” What is
particularly interesting about this response is that Ted never mentioned solving
problems. He talked about basic computation and using formulas. This seems to
reflect the belief that mathematics is composed of facts and formulas and knowing
how to use the formulas. Ted’s response to the statement, “In mathematics there are
many problems that can’t be solved by following a given set of steps,” changed from
agree to slightly disagree. When talking about this change he said, “Alright, like
determining the distance between two objects going away from each other. It is
possible.” Since Ted had learned more formulas and procedures during calculus, he
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knew of fewer problems that couldn’t be solved using procedures and so slightly
disagreed with this statement after one semester of calculus. The central role that
facts, formulas, and procedures played for Ted in mathematics is further reflected by
the fact that on both administrations of the CMI he agreed with the statement, “The
field of mathematics is for the most part made up of procedures and facts.” This
focus on formulas and procedures was strongly reflected in both the interviews and
problem-solving sessions.
During our interviews Ted never really talked about needing to know concepts
or principles of mathematics. The things that Ted focused on were skills and
formulas. In our first interview, we were talking about how he felt about the way that
calculators were used in his high school mathematics classes. He felt that they were
used too much. When I asked him to explain himself further he said, “I think they
use it too much. Well, people aren’t able to do anything in their head anymore
because they found just like 8 times 7. They can’t do it.” This response seems to
indicate that Ted felt that these basic computation skills were a central part of high
school mathematics. In the final interview, when I asked him to tell me what
mathematics was, the emphasis was again on formulas: “I guess you use
experimentation to develop the formulas to solve problems. Such as speed and
things. How long things will last. I think mathematics is the drive behind
experiments.” For Ted, the point of mathematics seemed to be getting the facts and
formulas necessary to be able to say something about the real world.
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This focus on procedures and formulas was again apparent in the final
interview when we were talking in general about his Calculus class. When I asked
Ted what he thought were the big ideas that he was supposed to learn in his Calculus
class, his response was, “I guess it’s just to learn derivatives and how to manipulate
and to use the chain rule and stuff like that.” I wanted to push him further to think
about concepts and so asked, “Were there any big concepts that you were supposed to
learn?” His response was, “Mostly knowing how to do things. I don’t think it was
very conceptual. It does have some problems when you apply stuff, so I mean that
helps a little bit.” While it was true that his Calculus professor did not dwell on many
concepts, they were at least presented and students were expected to know something
about them for the three tests that were written by Dr. R. Ted’s inability to even be
able to talk about anything conceptual that was related to this class seems to reflect
that for him mathematics was composed of facts, formulas, and algorithms.
This conception was also apparent in our problem-solving sessions. In our
first problem-solving session he was given the function /( x ) = * ~3x * 2 and asked
x -A x
to find lim / (x). He paused for a moment and then started factoring the polynomials
x -» 2 *

in the function. When I asked him why he was doing that, he said, “We need to
factor because the denominator is zero, the actually. How come you are using x as
the limit, we normally do h. We always put a limit as h approaches zero.” It was true
that most recently he had been using the definition of derivative to find the derivative
of a function and so had been finding limits as h approached zero. However, they had
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also spent quite a bit of time finding limits of functions in general before they started
finding derivatives. It appeared that Ted was simply trying to use an algorithm that
he knew rather than thinking about what it really meant to find the limit of a function.
When I said that they had also done limits like this he said, “I have to look at the
section. Once I find it in here, I can see it.” After finding an example in the book, he
was able to successfully find the limit of the function. In this situation, the important
mathematics for Ted was the correct algorithm that he needed to use to solve this
problem, not having an understanding of what it meant to take a limit. The next part
of that problem asked him to find lim f ( x ) . The conversation that took place while
x -» -2 ‘

Ted was trying to find this limit also indicates that most of what he knew about taking
limits was how to implement the correct algorithm. When I first asked him to explain
what he was doing he said, “You have to get rid of this right here, so multiply by the
conjugate of the whole, nope, all I know is that you can’t have this x plus 2 down
here.” I asked him, “Why not?” He responded, “Because -2 plus 2 equals zero, and
you can’t have zero in the denominator. Somehow I have to show, to be able to do
this problem. I’ve forgotten how to get rid of that.” It seemed that Ted had a goal
and was trying to remember what he needed to do to get to that goal. The interesting
thing was that he could not explain why getting the denominator not to equal zero
was his goal in the first place. At the end of that first problem-solving interview, Ted
again indicated that for him mathematics was about facts, formulas and algorithms
when he said, “Well, I think that it’s evident that I’ve forgotten the quickest way to do
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problems. The actual process has become lost. So I have to go over that again. I’ll
just look it over again and I am sure it will come back.”
However there were times when Ted did use generalizations to help him solve
problems. In the second problem-solving session, he was given a sketch with three
graphs on it. He was asked to identify which one represented position, which one
represented velocity, and which one represented acceleration. He matched the graphs
very quickly and said, “The cubic model will turn into a quadratic and a quadratic
will turn into a linear, when you take the derivatives of each. So the position is just
the regular function. And this would be, the velocity is the quadratic, and
acceleration is linear.” The next part of the problem was to describe the motion
represented by the graphs. Although Ted was able to correctly identify which graph
was which, he had a much harder time interpreting them. He had some knowledge
beyond algorithms but it seemed to be limited.
Overall, it seemed that Ted’s CMI ratings, our conversations during the
interview session, and his actions during the problem-solving sessions, all pointed
toward a belief that mathematics was primarily composed of facts, formulas, and
algorithms. He only talked about knowing how to do things and when working
problems he seemed to try to follow an algorithm that he had been shown.
Sometimes he successfully remembered and executed the algorithm and at other
times he had a hard time deciding what the correct procedure would be. This lack of
ability to correctly identify the appropriate algorithm may have been related to his
lack of a conceptual foundation for many of the algorithms.
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Structure of Mathematical Knowledge
Ted’s ratings in this dimension were 4.25 in May and 4.5 in January. In May
all but two of Ted’s responses were 4. The two that were not 4 were 5. In January
Ted’s responses were one 3, three 4s, three 5s, and one 6. Between May and January
none of his responses changed by more than one point, so in our final interview we
did not discuss any of the statements from this dimension. Ted’s ratings indicate that
he believed that mathematics was a cohesive field. They further indicate that he did
not strongly hold this belief.
The structure of mathematical knowledge only came up once in our initial
interview. I asked him if there were some things in his high school mathematics
classes that he felt as if he really did not need to learn. His response was, “No, I
always pay attention to all the problems because normally it could work in
somewhere else, help my understanding, with most anything. It would help me
somewhere along the line.” This response is consistent with Ted’s disagreeing in
May and strongly disagreeing in January, to the CMI statement, “Finding solutions to
one type of mathematics problem cannot help you solve other types of problems.”
The above statement made by Ted and his CMI responses are not strongly
supported by the rest of the interviews and the problem-solving sessions. At several
points in the series of interviews and problem-solving sessions, Ted talked about the
need to do lots of homework problems because you might not know all the variations
unless you do a lot of problems. In the first interview he said,
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Without a lot of repetition I don’t know where I’d go wrong, because each
problem is different and I can mess up anywhere along the line, and if I can’t
find out where I mess up then I can’t correct it. But if I only do it twice it
could be a third or fourth time where I’d have a little problem and I wouldn’t
see it. So I can get two problems right, but I can mess up on the third and
fourth one.
At the beginning of the first problem-solving session, we were talking about how
things were going in general for Ted. He talked about having difficulty knowing
when he was done with a problem and/or knowing what a problem was asking him to
do. He got someone to help him and said that he had it figured out. Then he said, “I
still want to do a couple more of those problems to make sure I know what I am
doing.” The idea that he has to do many of the same type of problem because they
are all different, seems to reflect a belief that mathematics is made up of isolated
techniques. The facts are so isolated that even within a single topic you need to do
many problems because there might be differences in what you need to do; unless you
have done a similar problem, you might not know that you are doing it correctly.
The one place that Ted did know about and use the connectedness of
mathematics was in the third interview when he was trying to find the integral of a
polynomial function. He did not remember whether he should add one to or subtract
one from the exponent or what he needed to do with the constant when integrating the
function. But rather than just look up the rule he used the fact that the integral was
the antiderivative. This is how he explained to me what he had done to figure it out:
Yeah, I just have it in my head that the derivative just kind of makes sense, I
guess. Take x squared, that’s another way, start off you take x squared, to find
the derivative you just lower the power then multiply by the original
exponent, so multiply by 2. After this I just, I used x to the Vz, so take the
integral, if you’ve got to raise the power you know, to find say what do I take
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the derivative of to get x to the Vi so x to the 3/2 and then you take it back
down to the derivative, which is what the integral is. You have to multiple by
the original exponent, which is 3/2 and you don’t want this coefficient to be
changed so you want to have the inverse to that so it equals 1.
This is one example where Ted used some of the connections between mathematical
topics to help him reason in a mathematical situation.
Ted’s CMI responses indicate that he believes that mathematics is a coherent
system. There are times when his actions reflect knowledge of applicable
connections but more often it seems as though Ted is thinking of each problem as a
separate problem. He may have some categorization for the problems he does, but
those categories seem not to be connected by conceptual similarities and he seems to
believe that he needs to work a lot of problems so that he will be able to do whatever
comes up on the test. In this way his actions and our conversations reflect a weak
belief in mathematics as a coherent system.
Status of Mathematical Knowledge
Ted’s ratings in this dimension were 2.875 in May and 3.625 in January. The
range of responses was 1 to 5 in May and 2 to 5 in January. At both administrations
Ted disagreed with the statement, “Mathematics today is the same as it was when
your parents were growing up.” However, Ted’s other CMI responses do not indicate
that much has changed in mathematics. In May he disagreed, and in January he
slightly disagreed, with the statement, “New mathematics is always being invented.”
When I asked him about how mathematics had changed, if at ail, he talked about how
his experiences in his high school math classes were different than they were in
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elementary and junior high school, not about how the mathematics was different.
This dimension was not reflected in the problem-solving sessions.
Doing Mathematics

Ted’s rating in this dimension was 4 in May and 4.25 in January. These
ratings indicate that Ted believed that what he did in mathematics should make sense.
They further indicate that Ted did not hold this belief very strongly. The range of
responses was 2 to 6 for both administrations of the CMI. His response to the
statement, “Being able to use a formula well is enough to understand the
mathematical concept behind the formula,” changed from slightly agree to disagree.
This change was reflected in our conversations during the semester. When talking
about understanding things in his calculus class, he indicated that he did not fully
understand all the concepts, and that in fact his professor did not really expect them
to, but that in high school things had pretty much made sense to him. In our final
interview, he said the following in response to his level of understanding of the
concepts in calculus: “Understanding is, well it’s pretty rough. If it happened that
you understand it, ok. But you had better know how to use it.” This statement seems
to be more reflective of how Ted acted when doing mathematics than do the CMI
responses. His main focus seemed to be on being able to do the problems and not on
understanding all that was behind what he was doing.
During the interview sessions, Ted repeatedly talked about how important it
was to get the correct answer and that he knew that he understood the material when
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he consistently got the correct answers to problems. In our initial interview, Ted said
the following about what he did during high school when he was studying for a test:
“Just look at the problems and make sure I know how to do them. Do more than one
example, at least.” Ted also talked about wanting to know why he was doing what he
was doing. When asked about how important understanding was to him when doing
mathematics he said, “It’s very important because whenever I do anything, I make
sure I know why. Why I do the things I do. If I don’t understand why I did it then
I’ll go back and redo the problem or find another example. Just want to have a full
understanding of it.” I then asked him what it meant to have a full understanding of it
and he said, “I’d have to go through the steps and make sure it works out each time.”
This conversation indicated that Ted believed that if he could go through the steps
and get the correct answer each time, then he understood what he was doing. Later in
that same interview, Ted said something very similar: “If I get something wrong I
have to find out why.” I then asked him, “How do you find out why?” He
responded,
I just go through and make sure everything is, I find out what the answer
should be and then I just go through and make it so my work ends up with that
answer, and I just see how my work differs. It’s important for me to know
why I messed up the way I did.
While he did again mention understanding in this part of the conversation, the
understanding seemed to require only knowing why he was doing the steps he was
doing, and not to be related to the bigger picture about the mathematics that was
involved.
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Later in the first interview this same belief was again evident in our
conversation when we discussed problems that had challenged Ted during high
school. The conversation that we had at that time follows:
Ted: Some of them they were just impossible, I think. I couldn’t understand
so I’d need a teacher to guide me through it and I could probably get it. But
just by myself there’s so many different ways I can go with a problem that
you don’t know which way is right.
R:
Could you ever figure out which way if you sort of tried going one
way and it wasn’t working?
Ted:

Not if I don’t know what is the right way.

R:

Is there usually just one right way?

Ted: Well, yeah, well one right answer. But the way to get there normally
differs. But I have to have the answer most of the time in order to know what
way is the right way to go through a problem.
The hardest thing for Ted about these problems was that he didn’t know the right way
to get to the correct answer. He needed someone to help him to know the right way
to do the problem; for him, it wasn’t really worth working very hard at the problem if
he didn’t know the right way of approaching it. Furthermore, the goal of doing the
mathematics seemed to be getting the right answer, rather than knowing why the
answer was right or developing a conceptual understanding of the problem.
The above conversation was consistent with what Ted said in the final
interview about his approach when he had difficulty in his calculus class. He said, “I
just kept on doing the problems using the math that I knew how to do. I always came
out wrong, so I would go and find someone to show me where I’m going wrong.
Eventually I got the right answer. I usually found out why I was doing it wrong.”
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Once again, the help that Ted was sought was finding out what he was doing wrong
in approaching a problem. He only seemed to want to be sure that he could get the
correct answer.
During the problem-solving sessions, Ted also seemed to be consistently
focused on getting the correct solution. If he could explain why, that was alright but
certainly did not seem to be necessary to Ted. The first problem in the first interview
was: Find the average rate of change of g(x) = x2over the interval [-1, 2],
Immediately after reading the problem Ted said, “Like right here, I’m stumped.” He
had no idea what to do and so we skipped it and went back to it at the end of the
interview. When he went back to it he said,
Average, so you take the instantaneous speed that you start out at, the
instantaneous speed where it ended, add them together, divide by two.
Suppose I could do that, but, see, the thing is I’m not sure, you know, what is
in each section. So that kind of throws me off. Like how am I supposed to do
the problems? Like I said before, that was a problem, my first instinct is
normally not right in calculus.
It seems that what Ted wanted to do to solve this problem was to find the correct
algorithm that he should be using and apply it. He did not try to make sense out of
the situation or to think about what the average rate of change might be or how he
might be able to find it. If only he could remember which formula to use, then he
could do the mathematics.
Another example of Ted’s trying to apply the correct algorithm without
making sense of the problem occurred in the second problem-solving session. He
was working on the following problem: Are there any points on the graph of
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x
1
—3
v = —- ------ where the slope is ——? If so, find them. Ted easily found the
2 2x- 4
2
derivative of the function and knew that the derivative gave him the slope at each
point. He then said,
So this (the derivative) is the slope, right here the equation for the slope. So
you use a y minus, I need to have a point on the graph, because this is a, this
gives me the slope of this line right here, the derivative, and we want to know
-3
-3
if the slope is — , so I gotta use the point slope equation, so — is the slope
*

•

that they’ve given us.
Instead of thinking about the particular problem Ted appeared to read the problem
and matched it up with one that asked him to find an equation of a line; then he began
to execute the steps that he knew for solving that type of problem. At this point in the
session, because we were running out of time, I did redirect him by asking him to
reread the problem and to tell me what it was asking him to do. He eventually
-3
realized that what he needed to do was set the derivative equal to — and solve the
equation. These two problem-solving instances seem to indicate that, for Ted, doing
mathematics was really about finding the correct set of steps that would allow him to
get the correct answer to the given problem.
Although Ted’s CMI responses indicate that Ted believed that when he does
mathematics it should make sense, it is not clear exactly what that sense-making
meant to Ted. When talking about specific situations and problems, it seemed that
Ted was much more interested in getting the correct answer than in knowing why he
was doing what he was doing. Ted’s calculus instructor did not push the students to
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develop full understanding of the concepts but rather was more focused on getting
them to be able to solve problems correctly; this may have influenced the approach
that Ted took to calculus. However, his focus on getting the correct answer seemed
also to have been present in high school and he did not seem bothered by his lack of
understanding the concepts behind his work in calculus.
Validating Ideas in Mathematics
Ted’s rating in this dimension was 3.75 in May and 3.5 in January. The range
of scores in May was 1 to 6 and in January it was I to 5. At both times, three of the
eight ratings were below 4. All of the responses to statements in this dimension were
fairly consistent (one point or less change in response) between May and January.
Ted’s CMI responses indicate that he thought it was important to be able to justify
what he did in mathematics but that most often he needed the teacher or the book to
tell him if his answer was correct.
The conversations in our interview sessions strongly supported Ted’s reliance
on outside validation. In the first interview, Ted indicated that when he was studying
for tests in high school he went through problems. I asked him if he worked
problems that had not been assigned or if he went back over problems that he had
already done for homework. He indicated that he did not do any new problems and
his reason was: “I didn’t think it would be too easy to check them. Most algebra
books have the odd answers in back. So I couldn’t check.” This response indicates
that during high school, the way that Ted found out whether or not his answers were
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correct was to have someone else validate them for him. He did mention that when
he got stuck, he first tried working with his friends but if they didn’t get it then he
would have to ask the teacher. At times his outside validation that an answer was
correct came from a friend, but most often it came from the teacher.
Ted did not seem to develop any other means of validation during his first
semester of college. Ted’s calculus instructor gave the students review sheets with
problems to complete in order to help them prepare for the tests and the final
examination. Ted worked the problems and thought they were helpful because in his
words they “showed me what I needed to know.” I then asked him how he knew if he
was doing the problems correctly and he said, “If it was wrong in the back (of the
book), or he gave us the right answers.” So although Ted’s CMI responses indicated
that he thought that it was important to be able to explain what he was doing, he did
not seem to be able to use those explanations to convince himself that he was
correctly solving problems.
During the problem-solving sessions, Ted did not seem to have methods to
validate his work. In fact, most often he did not doubt the work that he was doing.
There were several times when he got an incorrect answer and moved onto the next
problem without doing anything to try to check it. This may have been because there
were many instances when Ted really did not have a way to check his solutions as he
was not allowed to use a calculator and, in fact, he did not even have one with him at
college. It seemed that Ted did not have a predisposition to validate his own
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solutions. During the third problem-solving session Ted was working on the
following problem:
Sketch a smooth connected curve .y ~ A X) withy(-2) = 8 , / (2) = /'(-2 ) = 0,
AO) = A, f i x ) < 0 for |x| < 2,A2) = 0, / '( * ) < 0 for x < 0,/'( x ) > 0 for |x| > 2,
and f i x ) > 0 forx> 0.
He went through the problem and drew a graph. When he was finished I asked, “Is
everything satisfied?” He said, “I didn’t really check on the f prime of x is less zero.”
He then checked to see that this last condition was satisfied and concluded that he had
done the problem correctly. The important thing to notice here is that this was a
situation where it would have been very easy for Ted to validate his own work but
until he was asked to do so, he didn’t.
In this dimension Ted’s CMI responses and our conversation during the
interviews and the problem-solving sessions all indicated that for Ted validation of
mathematical work and thinking most often came from an outside authority. He did
not seem to have very many tools to check his own work or the desire to try to do so.
Additionally, he did not seem to trust his mathematical reasoning. He needed the
book or the instructor, or at times another student, to tell him that his answer was
correct.
Learning Mathematics
Ted’s rating in this dimension was 3.75 in May and 4.12S in January. In May,
the range of responses was 1 to 6 and in January it was 3 to 6. These ratings indicate
that Ted believed that learning mathematics was a process of constructing and
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understanding. The only response of 6 at both times was to the statement, “When
learning mathematics it is helpful to analyze your mistakes.” Ted’s response to the
statement, “You can only learn mathematics when someone shows you how to work a
problem,” changed from strongly agree to slightly disagree. His reason for this
change was, “Just using the book, that’s all. I had to. This book is supposed to show
you the answers on how to work the problems. The professor helped a little bit, but
this still, these problems they are all hard.” So Ted felt as though he had to figure out
how to learn things without the professor showing him. Ted’s response to the
statement, “Learning mathematics involves more thinking than memorizing
information,” changed from agree to slightly disagree. His reason for this change
was, “Because I guess before I could just like I’d always comprehend things. You
know, it wasn’t really memorization and now I have to memorize a lot more. Having
the formulas in my head to use.” Ted’s responses in this dimension indicated that he
believed that it was important to look back at his work and find out what he did
wrong, that learning mathematics required a balance of thinking and memorizing, and
that he could learn some mathematics without someone showing it to him.
The interviews and problem-solving sessions provided evidence that Ted
placed more emphasis on memorizing intact information than his CMI responses
indicated. During the first interview, I asked him what he thought about having to
discover some of the mathematics with his group during high school. His response
was:
That worked sometimes. But other times it was too complicated. I know
sometimes I’d just get stumped. I wish they’d just tell me exactly what I
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needed to know instead of trying to guide me through it. I’d get to the end of
the section or something and it was like what am I supposed to get out o f this,
and it would take longer to get what I needed.
This response indicates that Ted did not see the process of trying to construct the
necessary understanding as a valuable way to spend his time. He would have rather
just had someone tell him how to do it and then he could practice it until he could do
it correctly.
Another theme that came out of the interview sessions was the importance that
Ted placed on working hard to learn mathematics. At several times during the
interviews, he talked about how the other kids in his high school math classes just
didn’t work hard enough and that that was why they had difficulty. He thought that if
they just did the homework and did the work in class that they would be successful in
mathematics. This belief is reflected in the following statement from the final
interview. I asked Ted what he would tell seniors about his experiences in math at
college. He said, “I would tell them that if they didn’t really apply themselves in
CPMP they wouldn’t do well at all. They would be stuck. They will be far behind.”
This idea of working hard and memorizing the correct information was also
evident in the interviews. When Ted was not sure what to do, he would often say that
he didn’t remember how to do it or that he had forgotten the steps. For example, in
the first problem-solving session he was trying to evaluate lim —
*-»»■*
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and said,

“Ok. I’d forgotten my steps, but I know what I’m doing now, I think.” Then he went
on to solve the problem correctly. The way in which he started this problem was
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indicative of his belief that all he needed to do was to remember the steps that he used
to work a similar problem and then he would be able to solve the new problem.
The important thing for Ted in learning mathematics was to do lots of
problems and keep doing them until he was able to get them right. This approach
seems to indicate that what he really needed to do was memorize how to do things
and then he would be able to do them without making mistakes. One o f the
differences between what Ted did to learn mathematics in high school and in college
was the resources that he used to determine what he needed to memorize. In high
school, he believed that he needed someone to show him the mathematics but in
college he began to use his textbook as a resource. However, the part of the book that
he was using was the examples. So it really may have been that during college he
was using written examples rather than spoken ones. He still depended on examples
to show him the steps necessary for solving mathematics problems.
Usefulness of Mathematics
Ted’s ratings for this dimension were much higher than for any other
dimension. In May his rating was S.37S and in January his rating was S.2S. In May
his responses consisted of one 4, three Ss, and four 6s. In January there were six Ss
and two 6s. At both times he felt that learning mathematics was a useful endeavor.
In our final interview, when I asked him how he thought he would use the
mathematics that he had learned, he indicated that he did not think that he would use
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it in his everyday life. But Ted was an engineering major and knew that he would use
mathematics in his other classes and in his intended profession.
Summary

While it is not possible to generalize from six case studies, it is reasonable to
look for similarities among these six students regarding their conceptions about the
nature of mathematics and mathematical activity and their actions in mathematical
situations. Each of the participants studied four years of CPMP mathematics and they
was successful in all of their high school mathematics classes. There are some
similarities among the six participants in both the conceptions that they held and in
the ways that those conceptions were evident in the problem-solving sessions.
All of the participants seemed to hold the belief that mathematics is composed
of facts and concepts, formulas and principles, and algorithms and generalizations.
The CMI ratings for all of the participants were fairly close to the middle in this
dimension. In the interviews and problem-solving sessions it was evident that they all
felt that it was necessary to know the facts, formulas, and algorithms of mathematics,
but only two of them strongly felt that it was also necessary to know the related
concepts and generalizations. Knowing the facts, formulas, and algorithms seemed to
be a first step for all of these students. The extent to which they went beyond
learning the facts, formulas, and algorithms varied from student to student, and
sometimes from one part of the semester to another. All but one of the students did
place some importance on knowing the concepts, principles, and generalizations that
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were a part of the mathematics they were learning. But the extent to which they
learned mathematics beyond the skills varied greatly.
These students also all indicated that they saw mathematics as a coherent
discipline. They were all able to make connections between graphical, numeric, and
symbolic representations of mathematical objects. Five of them used these
connections to help analyze and solve problems. They all knew that mathematical
knowledge builds upon itself. But they did not consistently look for the connections
between new mathematics they were learning and what they had previously learned.
There did not seem to be agreement among these students on what was
important in doing mathematics. They all believed that they should be able to make
sense out of mathematical situations but they only did so some of the time. Four of
them were often content with finding the correct solutions to the assigned problems
whether or not they understood the underlying mathematics. It is not clear whether
this happened because understanding was not valued or necessary for success in the
mathematics classes or because the students did not think that understanding was
important. All of the students were more likely to want to understand the
mathematical concepts present in a problem when they were struggling to find a
solution path. But if they felt overwhelmed they turned to using any available way
they could to get the correct solution. Only one of the case-study students remained
consistent in her conceptions with regards to this dimension.
Although five of the students were able to validate their own mathematical
work, none of them had much confidence in their ability to do so, and their abilities
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varied greatly. The calculator was used as a validation tool by all but Ted. (Ted was
not allowed to use a calculator for his class.) All five of these students used the
connections between graphical, numeric, and symbolic representations of functions to
check their answers and sometimes their work along the way. This use of the
calculator empowered these five students by allowing them to check their own
solutions without reliance on an outside authority. However, at times Sally was
unable to reason without the calculator and during these times she used the calculator
to validate her answers without having any other underlying mathematical reasons.
This use of the calculator detracted from her overall mathematical power.
All of the students seemed more able to validate their work at the beginning of
the semester than at the end of the semester. Only Rita and Randy were able to
validate their work throughout the semester. It is not possible to determine why the
other students relied more on outside validation as the semester progressed. One
possibility is that the students were developing less robust and less connected
understanding of the mathematics than they had in high school and as a result did not
have methods with which to validate their work or the confidence to do so.
Among these six students there did not seem to be a common conception
regarding what was important in learning mathematics. They all believed that it was
necessary to memorize things in order to be successful in learning mathematics. For
two of them this memorizing was the primary focus of their efforts at learning
mathematics. For the others, the memorizing was only a necessary step. These
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students went further and tried to construct understanding of the underlying
mathematical processes and concepts.
All of these students believed that they would use mathematics in their lives
and that learning mathematics was not a waste of time. This is not surprising since all
six of them were enrolled in either engineering programs or pre-medical curriculums.
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CHAPTER VI
THE TRANSITION TO COLLEGE MATHEMATICS
The case studies provided the opportunity to journey through the first
semester of college mathematics with six students from five different high schools
whose high school mathematics programs were based on the Core-Plus Mathematics
Project curriculum. Although the students had different collegiate experiences, it is
helpful to step back and look in general at their experiences and try to assess what
went smoothly for them, what did not go smoothly for them, and what, if any
adjustments they made along the way. This chapter will examine different portions of
the first semester of undergraduate mathematics and will discuss how the students
navigated the transition from a reform high school curriculum to college mathematics.
Sometimes the experiences of the six students were similar enough that they will be
considered as a whole. At other times it will be important to split them into two
groups of three students each: the students who attended Southern University (Ann,
Cathy, and Rita) and those who attended Northern University (Randy, Sally, and
Ted). This separation is necessary because the students at Southern University
experienced a reform calculus curriculum that included a variety of teaching and
assessment methods and those at Northern University learned mathematics through a
traditional curriculum with traditional teaching and assessment methods. When
considering the stories of these six students it is important to remember that they were
211
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all recommended for this study by their classroom teachers and that they had all been
successful in their high school mathematics classes.
College Mathematics Placement
The first experience that many students have with a college mathematics
department is taking the placement test and deciding in which mathematics course to
enroll. One student, Ted, did not have to take a placement test because his ACT score
allowed him to enroll directly in Calculus 1 at Northern University. The other five
students all completed the placement test for their respective universities. The three
students at Southern University all placed into and enrolled in Calculus 1. The
remaining two Northern University students placed into and enrolled in Precalculus.
The placement process went smoothly for all five students. The only complaint was
that the tests were given during the summer after the students had been away from
mathematics long enough to be out of practice with the details necessary for
completing some of the problems that were on the test. This was reflected in
comments from the first interviews with both Rita and Cathy:
Rita: Like I knew everything. I was familiar with every question. Every
question. I knew that I had learned it, but I didn’t remember it. I didn’t
remember how to solve it, I think. I don’t know why. Maybe just because I
hadn’t done math. Maybe it was just me. I was familiar with everything. I
just didn’t know how to go about doing it.
Cathy: Oh I did decently. I don’t remember the exact score I got. It wasn’t
great. It wasn’t bad. It was pretty much an algebra-based test. I was kind of
rusty on the math skills by that time because it was already late July. So I
wasn’t really in math mode.
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Upon graduation from high school, both Rita and Cathy had strong
conceptions that concepts, principles, and generalizations were more important in
mathematics than facts, formulas, and algorithms. This conception may have
contributed to their not remembering the skills that were being evaluated by the
placement test. However it should be noted that both students placed into Calculus 1
and were pleased with that placement.
There were no major obstacles in the transition to college mathematics at this
point. Once the students began attending their college mathematics classes they
encountered a variety of classroom expectations some that were different than those
with which they had become familiar during high school.
Experiences in the Classroom

Because the mathematics experience of the students who attended Northern
University differed from those who attended Southern University, each group of
students will be discussed separately.
Northern University
All three students at Northern University were in classes where the primary
means of delivering new mathematics was through instructor lectures. None of these
students found this to be a difficult way of learning mathematics. They all indicated
that they had taken non-mathematics classes during high school for which lecture was

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

214

the primary teaching method and so they were all able to easily adjust to that
pedagogy.
In their college courses, the general approach to developing mathematics was
also different from what they had experienced in high school. In high school these
students had developed mathematical concepts out of contextual situations and then
considered the formal mathematics. The opposite was true in their college
mathematics classes. They first were taught the necessary skills and then, in some
cases, considered applications of those skills. Ted indicated that math had not been
difficult for him in high school and so working in groups and developing the
mathematics out of contexts worked for him there. But he thought that at college,
because the material was more difficult, he learned better by not focusing so much on
the applications and by doing lots of problems. In the final interview, when asked
about how working in contexts might have influenced his high school learning he
said,
Sometimes I was kind of agitated, because you go through like all this writing
down and it’s really not cut and dry what you actually did. When I go and do
the problems over and over again, I can go back and see where I’m really
going wrong. With numbers that are on the paper. It’s not just explanations
about why you got something.
This response is in agreement with Ted’s overall conception that doing mathematics
is about getting the correct result. The need for explanations was really not necessary
because he believed that if he could do the problems correctly then he understood the
mathematics. In this way, Ted’s Calculus class was probably more in agreement with
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his conceptions about what is important in doing and learning mathematics than were
his high school classes.
My conversations with Sally did not address the role of context as much as it
did her role in constructing an understanding of the mathematics. She did mention
that during high school when she was working a problem in a context that the
mathematics just “snuck up on her” as she worked through the problem. But that in
college “it was faster and just like do it, do it, do it, and then if you don’t understand
then you are lost.” Despite this statement about either understanding it or not, Sally
indicated that she thought it was easier to just be shown how to do the math rather
than trying to develop it out of contexts on her own. In the last interview she said,
In high school they wanted us to go try this before they taught it. Which I
mean, it makes sense for some people if they are going to actually try it and
think about what they already learned. But I think when you have a lot of
other classes going on and you look at it once and you go, well I don’t know
how to do that, and you put it away. So I mean this semester was easier, like,
thinking wise: Because I just wrote down my notes and followed along,
instead of having to go out and figure it out myself.
The fact that Sally seemed to prefer being told what she had to do rather than
developing it herself is a reflection of her belief that doing mathematics was centered
on getting the correct answers. Throughout the semester Sally also indicated that she
only did as much as she needed to in order to do well in her classes.
Randy identified the differences between his high school math classes and his
college math class as follows: “The differences, a faster pace. This class is faster
paced, more amount of work. We learned a lot, we learned more. The other classes
were story-problem based, this is just straight math.” Although he could identify the
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difference in the two approaches to mathematics he did not have an opinion on which
one worked better for him. He was able to be highly successful in both settings.
Another change for the students at Northern University was the limited, if any,
use of calculators in their college classes. Technology was not used at all in Ted’s
Calculus class and he was not allowed to use a calculator on any of his tests. This did
not bother Ted at all and did not seem to affect his overall performance. During the
last interview Ted said the following in response to a question about not using a
calculator: “I prefer not to use it. I can use it, but I just know that it will slow me
down and you get lazy at times. I like to do long multiplication in my head if I can.
Just think it through.” This belief that using a calculator makes you lazy came up
several times during conversations with Ted. It may be this belief that made the
transition into a class that did not allow calculator use go as smoothly as it did for
Ted.
In the Precalculus class that Randy and Sally took, a graphics calculator was
required, but was not fully integrated into the curriculum for the course. The
professor would use the calculator to help motivate solution methods but most of the
time would require that the students know how to solve the problem symbolically.
He encouraged them to use the graphical and numeric capabilities of their calculators
to check their solutions. This resulted in some frustration for Sally, but did not bother
Randy. Sally’s belief that doing mathematics was centered on getting the correct
answer contributed to her frustration about not being able to use calculator solution
methods. She knew that she could often find the correct solution using her calculator
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but was not able to solve the problem symbolically. She did not understand why she
needed to know both methods; after all she could get the answer. Randy had no
problem with not being able to rely on calculator solution methods and did make
good use of the calculator to verify his work.
In addition to the large lecture sessions, Randy and Sally experienced
recitation sections. Similar to their high school classes, they were expected to work
in groups during the recitation period and they did so up to a point. They both
worked primarily with one other person. In the last interview Randy and Sally
provided the following descriptions of their work in groups during the recitation
periods.
Randy: Me and three other people. We worked them (the problems) pretty
separately, but me and one girl in particular, worked a little closer. Like
through the problems, we would make sure we were both on the same track.
Then we all compared our answers once we were done basically.
Sally: I would just work with a partner and we did the workbook
assignments. And we never had enough time. We always were like
scrambling to get the workbooks done. Because it seemed like there were a
lot of problems for the 20 minutes that they gave us. If we didn’t get
something we asked the other groups that were sitting around us. And then
we would end up just copying to get it done, because we wanted our points.
Maybe it would have been different if I could have stayed or if we just had
more time to work on the workbook. I would have tried to understand better.
Although both Randy and Sally were working with other people in their
recitation sections, by both their descriptions and my observations, it seemed as
though neither of them was really working collaboratively with the other students.
They were primarily working independently and verifying their answers at the end.
There did not seem to be much discussion about solution procedures. This reflects
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the fact that both of these students placed more importance on getting the correct
result than on making sense out of and understanding the mathematics they were
doing.
Southern University
The three students who attended Southern University did not experience
transition difficulties related to what happened in their mathematics classrooms. For
these students the day-to-day routine and expectations of the classroom were not very
different from what they had experienced in high school. The mathematics was
almost always tied to some context and interpretation of the context was integral to
the class. They were expected to learn why they were doing things in addition to how
to do them. It was expected that the students had already studied the appropriate
material, so the primary purpose of the class time was to further develop
understanding through working problems. The instructors spent varying amounts of
time at the beginning o f each class providing a short lecture or explanation of the
material. Thus the amount of time students actually spent working on problems
varied from one section to another: Cathy spent the least amount, Rita was in the
middle, and Ann spent the most. During the class meeting times all three of the
instructors expected that students would actively participate in class by working
problems with other students. Students were also expected to understand concepts
behind the problems. They needed to know in what settings and in what ways the
concepts might be used. Most of the time it was not sufficient for students to only
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provide an answer to a problem. They were expected to provide a complete solution
and to explain their reasoning.
At the beginning of the semester Rita and Cathy were pleased with their
classes and thought that class time was helpful to them. This changed for Rita after
about one month. After the first test, on which she did quite well, Rita indicated that
she was sometimes skipping class because she didn’t always find it very helpful. She
said it wasn’t that helpful because he just went over the section in the book and she
felt that she could do that on her own and in less time. However, she did not do
nearly as well on the second test and so after the second test resumed regular class
attendance. Rita’s conceptions about mathematics, doing mathematics, and learning
mathematics all were a factor in her deciding not to go to class. She felt like she
could determine if she understood the material and she did not think it was very
helpful to have someone telling her the mathematics that she needed to know.
From the beginning of the semester, Ann thought her instructor should do
more explaining and fewer problems. During each of our problem-solving sessions
Ann said something about how she wished her instructor would explain more about
the mathematics behind what they were doing and why they were doing it and go
through it step by step. It is hard to know exactly what Ann wanted and she was not
able to clearly explain it. Based upon my class observations, the instructor tried hard
to get the students to think about what they were doing, why they were doing it, and
what mathematical concepts they were using. Rather than just telling the students
what to do, he tried to get the students to talk about the concepts and how they might
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be able to use them to accomplish the task at hand. Although the instructor was not
standing at the board explaining each mathematical concept and how it could be used
to the students, there certainly was an emphasis on developing conceptual knowledge
rather than solely on getting the problems done. But it was clear that Ann did not feel
she was understanding what she needed to. In an effort to get the explanations that
she wanted, Ann went to the tutor lab. She indicated that she found the assistance she
received there to be somewhat helpful to her.
Cathy did not have much to say about what was happening in her class
throughout the semester. She regularly went to class and did what she was asked to
do. Recall that Cathy spent much less time in class than was scheduled. During the
second interview she did mention that she had friends that were in other sections of
Calculus and that it seemed as though they were doing more in class than she was.
She said that she knew that she was going to have to talk to them about what was
happening in their classes so that she would know what she needed to know.
However, despite this recognition that she was not learning as much in class as other
students, there was nothing regarding how the class time was structured that ever
came up as an issue during our conversations.
During the final interview, in order to help these students think about what, if
anything about the transition was hard for them, and to get them to reflect on the
semester, I asked them what their instructor could have done differently to help them
learn calculus. Rita and Cathy talked about working problems and going through
explanations.
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Rita: Well 1 would say maybe just do more problems. But I think that’s just
for me. When I see examples I can like use those, but he did a lot of
problems. I wish he did more. And also, classes were sort of big in number,
but they weren’t compared to any other college class. But compared to high
school classes they were sort of big. It was just hard to get him one-on-one.
And like you would move fast, but I didn’t expect him to slow down for me or
anything. ... Yeah, it (working on problems in class) was helpful; because it
was just like doing group work again, more group work. But it was better
because he was there to guide you through it.
Cathy: Can I compare it to the class I am in now? (Calculus 2) I think I’m
learning a lot more in the class that I’m in now, like getting better in terms of
he’s, I mean, he’ll lecture for a little bit. It’ll be like sample problems in class
and he’ll explain in like general stuff and we’ll take notes on it. But he’ll also
have people go up to the board and spend a lot of time in class and they’ll put
their answers to the homework problems on the board. And he’ll go through
it and he’s really picky about things, which in one way is bad but in another
way is really good, because it forces you to remember to put those things
down to remember what to do. And I think that’s helping me a lot. It also
helps me to see how other people think, and I could have done it that way
instead of this way, instead of straight by the book. That seems to be helping
me more.
Both of the above comments imply that these students wanted to get more
explanations about why and what they should be doing. This is probably related to
the fact that both of them believed that concepts, principles and generalizations were
important in mathematics, that mathematics should make sense to them and that they
needed to construct their own understanding of the material. Although each o f these
participants had suggestions about how her Calculus class could have been more
helpful, neither of them complained much about how things were going during the
semester.
Ann felt differently about what would have helped her be more successful. As
previously stated, she felt like her instructor was doing too many problems and not
enough explaining. In the final interview, she said,
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I think instead of doing all those problems in class spending a little more time
going over the sections instead of the problems. Like teaching the concept
once and showing how to apply it in problems. ‘Cause I think once you
understand the concept, no matter what problem you do, it will be easier to do
any problem if you have a stronger grasp of what the concept is about. It’s
easier when somebody’s showing you how to do it and you’re doing it with
them step by step, like while they’re teaching it to you. You don’t teach the
whole concept in like one example, you should do it step-by-step so it’s
easier, it’s broken down. ‘Cause that’s what I remember the Core-Plus being
like. Like things were broken down in which you learned one concept, and
once you were able to understand that concept you’d apply it, and then it
would really make sense.
This statement indicates that Ann would have liked her professor to show her step-bystep how to do things and in that process carefully explain each step. Since it was not
clear to me what Ann meant by understanding or learning the concept, I asked her.
Her reply was,
Like learning the integrals and derivatives, like learning how to do a certain
problem. Understanding what the problems are asking you, I guess that is
what I mean. I don’t know myself ... I think it is important to know what the
derivative is telling you, but at the same time you have to understand the basic
rules in order to solve it.
From this statement, it seems that Ann wants to know something about what the big
picture is and why she would do each step. However, in the problem-solving sessions
that we had, she rarely was able to provide reasoning and rather seemed focused on
getting to the correct solution. Whether this was because she did not really believe
that understanding the concepts and knowing why was important or whether she was
just too far behind in the class was not clear. In terms of what happened in class, the
transition to college mathematics was probably more difficult for Ann than for any of
the other case-study participants. This may have been due to the fact that quite early
in the semester Ann got fairly far behind because of extenuating circumstances and
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spent most of the semester trying to catch up. As a result she was frustrated that she
did not understand the mathematics that was being taught in class.
What regularly happens in the classroom is only part of a student’s experience
with college mathematics. Another large part of a college mathematics class is the
work students are expected to do outside of the class meeting times.
Experiences Outside of the Classroom

Students’ experiences outside of the classroom include their work on
assignments, other daily preparation for class, and preparation for tests. All of the
students indicated that they needed to work much harder for their mathematics classes
at college than they did in high school. They also all said that the pace of the class
was much faster than they had experienced in high school; they were responsible for
learning much more material in a given time. In order to learn the expected material,
all of the students indicated that they had to spend more time doing mathematics
outside of their class sessions. These challenges that the students raised seemed to be
more about the transition from high school to college in general than they were about
the transition from a reform high school mathematics program to college
mathematics. The manner in which students confronted the need to learn more, and
to learn it faster, and other issues that are related to the work students did outside of
the classroom will be discussed in this section. Although there were many
similarities with respect to the expectations placed on students at the two universities,
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the expectations differ enough that separate consideration is again given to the
students based upon the university they attended.
Northern University
The students at Northern University were ail told that they should read the
upcoming section of the text before going to class. This expectation was not present
during high school because the CPMP textbooks do not contain material designed to
be read by students outside of class. However, despite the explicit directions, none of
the three students read their textbook on a regular basis. For the first two thirds of the
semester, Sally said that she only used the book to get the homework problems and to
copy the things from the green boxes when studying for a test. Randy also primarily
used the book for the homework problems. Both of these students indicated that they
did read the book when they were studying trigonometry, especially trigonometric
identities. They used the book more at this time because they were having a hard
time with the material and believed that they could solve some of their confusion by
reading the book. Ted said that he would use the examples in his book to help him
get the homework done properly. He used them to help him decide what he needed to
do. The manner in which each o f these students used their textbook is consistent with
their conceptions that knowing procedures is an important part of learning
mathematics and that you know you understand mathematics when you can get the
correct answer. As long as they were not having difficulty with their homework
problems, they saw no need to read the textbook material. For Randy and Sally, the
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willingness to read the textbook when they were confused is a reflection of their
beliefs that mathematics should make sense and that they should be able to
understand it. Despite not following the recommended process, the approach to
textbook use adopted by each of these students did not cause any difficulty.
Although these students did not spend much time outside of class reading their
textbook, they did spend time on their daily homework assignments and were
concerned about the correctness of their work. Unlike high school, homework was
not collected in the Precalculus class. This did not bother Sally or Ted and they both
completed their assignments on a regular basis. Some of their motivation for this was
the opportunity to ask questions about the homework problems during recitation and
that approximately once a week they had either a test or a quiz. If either of them had
fallen behind in their work, it would have been reflected in their grades.
Homework assignments were collected weekly in Ted’s Calculus class.
Despite this, he did not complete his homework assignments as regularly as did
Randy and Sally. He said that he often did not work on his calculus assignments until
the weekend. He believed that as long as he was able to do the work and solve the
problems on the test he was “ok.” Thus he did the work when it was convenient for
him, not as daily preparation for class. His homework grades were satisfactory and so
it appears that this did not cause a transition problem for him.
A third area of work outside of class is preparation for tests. Ted had to
prepare much more for tests in college than he needed to in high school. He indicated
that in high school he just looked over “stuff” to make sure that he knew it. He also
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said that in college he spent much more time actually working problems in
preparation for tests. Part of the reason for this difference is that he was given
specific review problems to complete in college and that had not been the case in high
school. Ted prepared for his tests in college by working problems that were on a
review sheet provided by the instructor. Included on the review sheet were problems
similar, most often in both form and content, to all of those that would be on the test.
The review sheet contained a wider variety of problems than was on the test. He
worked on the review sheets by himself and asked friends who were in Calculus 2 for
help when he couldn’t get the correct answer. He also indicated that he looked back
over his completed homework assignments. To complete the review sheet for the
final exam Ted said that he worked with a group of people. But this was the only
time that he really mentioned working with other people in any extended fashion.
Sally and Randy also were given suggested problems to complete as review
for each test. Sally did not mention working the review problems in preparation for
tests. Instead she went through her notes and made a review sheet of the important
facts and algorithms that she wasn’t sure of. She also looked through the book to see
what was in the boxes. Sally indicated that this was helpful to her because the more
times she wrote something down the more likely she was to remember it. In studying
for the final exam she just made sure that she knew how to do the problems that were
on her tests. This is consistent with her belief that memorizing was important in her
college mathematics class. This was different than what Sally had done during high
school. She was able to use her notes and her textbook on all tests in her high school
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mathematics classes and so felt that she did not need to study anything. In fact, she
said that she never studied for a math test during high school. In college, she was
given a practice test and she worked those problems and checked them against a
solution sheet before the test. The test was then very similar to the practice test.
Randy did not work the review problems for the first two tests.
However, after not doing as well as he wanted to on the second test, he decided that
he needed to work all the review problems in preparation for the tests. But that was
the only preparation he did for the tests. Randy reviewed his old tests in preparation
for the final. He indicated that he did not do anything different in studying for tests in
college than he had done in high school.
In college, both Sally and Ted needed to adopt new ways of studying for tests.
However, this did not cause any problems for either one of them. All three of these
students were able to adequately adjust to different expectations regarding what they
should do outside of the classroom. For these students there were not any difficulties
related to this part of the transition.
Southern University

The Calculus classes at Southern University were structured such that students
were expected to read each section and to work some basic problems before going to
class. The instructors assumed that students had at least some familiarity with the
topics for the day and that the goal during class was to help the students deepen their
understanding of the mathematics. Although this was different from high school, all
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three o f these students recognized this expectation and at the beginning of the
semester they seemed to have been diligent about getting the reading done before
going to class. However, as the semester progressed, none of them regularly got the
reading done before class. They all indicated that they eventually did read the book,
but not always on time. They further indicated that this resulted in some frustration
during class sessions. Because they had not read the section, they were not able to
follow along as well during class. The reason they provided for not getting the
reading done before class was that they gave other tasks more priority and ran out of
time. Although the expectation that they read the textbook before each class period
was a change from high school, none of these students felt that the expectation was
unreasonable.
Besides reading the book, these students were expected to complete group
homework assignments. Each instructor assigned students to groups and groups were
changed at least once during the semester. The homework assignments consisted of
four to six relatively difficult problems that were to be completed by the group as a
whole. The paper that was turned in was supposed to include complete solutions with
detailed explanations about the mathematical reasoning used. The first few
assignments seemed to be completed by each group as a whole but after that it was
more common for the groups to split up the problems and then come together to write
up the assignment. The amount of discussion that occurred during this write-up time
seemed to vary greatly.
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These students all talked favorably about the group homework experience.
Additionally, they all felt like it was a better experience when the group worked on
the problems together rather than splitting them up and just coming together to write
them up. Representative comments from Rita and Ann include:
Rita: Group homework helped a lot. Group homework was really hard, it was
very difficult. I don’t think I’d be able to do it on my own. I could see how
other people figured stuff out and that helped me in the way I could figure
stuff out. That helped a lot.
Ann: Well like in my other group we did almost all the problems together, but
it seems that in this group that everybody just does one of the problems and
goes over it with everyone the night before we do the homework. Actually
even the night before we usually don’t even meet because we just go over it in
class before we hand it in. So it’s not as productive as it was with my first
group. Because now we just do the problems, and like if I have a problem and
I don’t know how to do it I’ll just go to the math lab and they will help me.
But I don’t understand the other problems because I never got to do them with
the whole group.
All three students saw the group homework as very much like the in-class
group work they had done during high school. First, it provided an opportunity to
talk with other students about mathematics and to see how others were solving
problems. The students also indicated that the expectations about how the solutions
were to be written were very similar to what they had experienced during high school.
They further indicated that the idea of carefully explaining oneself in mathematical
situations was foreign to many of their classmates. They felt they were much better at
this than the other students in their groups and thus were able to serve as resources for
their groups. The transition to group homework was not a transition for these
students. They recognized that they had been doing it throughout high school.
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These students did not indicate that they did anything differently while
studying for tests at college than they had done in high school. During high school
they said they went back and did problems until they knew that they were doing them
correctly and they understood what they were doing. As a part of the course packet
that students purchased at the beginning of Calculus, each student received a copy of
all tests and the final for the previous two semesters of Calculus at Southern
University. All of the students worked these problems as part of their preparation for
each test and for the final exam. Cathy and Rita said the following about studying for
tests:
Cathy: I went over a lot of like older things and stuff to see what I got wrong
and like try to work through them and figure out how to do them the right
way. Like I said I did a lot of review problems and just tried to make sure that
I knew the basic process of how to do all kinds of problems.
Rita: I knew I was ready because I did the previous exam. I did them and I
understood them all. Like a lot of it was like explain it in no more than two
sentences. And so I actually did it using the proper terms and correct
grammar and everything. It makes sense, and I knew I was right because
they’re also doing it in a big group and I would explain it to them why I was
right and they’re like, oh yeah, I remember that from class. Or if I was wrong
they would explain it to me what I was doing wrong. And then I understood.
For these students there did not seem to be any transition issues related to preparation
for tests.
College Mathematics Performance
One final portion of the transition that these students experienced is the formal
assessment that they encountered in their mathematics courses. As in high school, all
o f the tests or exams that these students completed in college were primarily
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composed of problems for which they were asked to show their solutions. There
were portions of the precalculus final exam and the calculus assessments at Southern
University that did not allow for partial credit, but in general, all of the students were
expected to provide their reasoning and were given partial credit for what had been
done correctly. The students at Southern University indicated that their tests were
very similar to those they had taken in high school and the rest of the students did not
mention anything specific about their tests. At the beginning of the semester all of
the students mentioned being concerned about being able to complete the tests in the
given amount of time. However, as far as I could tell, this was not an issue for any of
the students.
The majority of each student’s final grade was determined by his or her grades
on tests given during the semester and a final exam. The students at Southern
University had two tests and a final exam. They were required to have a graphing
calculator with them at the test and were allowed one note card with reference
material. All three students did well on the first test. The scores on the second test
were lower than those on the first test for all students. Ann and Rita experienced
major decreases, while Cathy’s score only decreased by a small amount. The scores
on the final exam were somewhere between those of the first two tests. The final
grades for these three students were: Rita, B-; Cathy, C+; and Ann, D+. In the final
interview in January, I asked them how they felt about their grades. They all
indicated that they did not do as well as they hoped that they would and gave the
following reasons:
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Rita: I just didn’t have enough time because I had to write a lot of papers last
semester. Because we went section by section, I figured I’ll just put it off one
more day and I’ll just have two sections to read. It’s no big deal. And so I
guess in a way I really got behind and so I wouldn’t do it, I’d be like, well, I
mean it doesn’t take that long to read the section and do the problems. So I
figured I’d just do it the next day or the next day and never got around to it.
But like in high school it was way different. If you didn’t do it, it was ok;
you’d do it the next day.
Cathy: (in response to what she would do differently) I guess that I really
need to keep up with the reading before I go to class. Because a few times I
waited to learn things in class and it didn’t make as much sense as when I’d
read it before. Doing extra problems, not just the ones that were assigned. I
guess taking the initiative and asking other people questions instead of relying
on them to explain things to other people that didn’t understand them. Asking
questions in class.
Ann: I think a lot of it has to do with taking it first semester, like in college,
and stuff like that, just adjusting. I think I can do better. I was not happy with
the grade, but I’d been pretty much behind for a while, and I couldn’t catch up
in enough time to be able to master the stuff to get a better grade. ... The
material was difficult, but yet is was attainable to understand. You could get
to understand it after a while. It was pretty fast, the pace of the class, but I
think a lot of it had to do with being behind.
Of note in all of the above comments is that each of these students could identify
what they might have done differently and did not blame anyone but herself for the
grade she received.
Another issue that arose with all of these students was that they felt they were
at a disadvantage in their classes because a large number of their follow students had
previously taken calculus in high school. How much this actually disadvantaged
them is debatable, but it is important to note that they thought they were behind
before they even started. Given the mathematics that each student had in eighth grade
(none of them had algebra) it is unlikely that any of them would have taken calculus
in high school even if they had used a traditional curriculum.
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The students at Northern University were all pleased with their course grades.
The grades they received were: Ted, A; Randy, A; and Sally, B. Sally and Randy had
six tests during the semester and a final exam. Except for the second test, that
covered polynomial and rational functions, Randy’s grades were consistently above
90%. Randy did not have any difficulty with the course and actually said that it was
easy for him. Sally’s test scores were in the 80s except for the test on trigonometric
identities, on which she received a grade in the SOs. The major transition for Sally, in
regards to tests, was that she was not allowed to use any notes or the textbook.
Throughout high school she had been allowed to use any materials she wanted to and
consequently did not do much studying for tests. In college she felt as though she had
to memorize more because she was not allowed any references. While this was an
adjustment that Sally had to make, it did not seem to present a big hurdle as she made
the necessary changes without complaint and did well in the class.
Ted had three tests and a final exam. His scores consistently increased
throughout the semester from the first test grade of 74 to a final exam grade of 98.
Because of the class policy that students would not receive a final grade lower than
the grade on their final exam, Ted got an A in Calculus. He was pleased with his
grade and did not have any comments about the tests or his overall performance. Ted
felt that the College Algebra course he took in the summer following graduation
helped him be successful in his Calculus course. When I asked him if he could be
more specific, he indicated that one thing it did was to get him into good study habits.
It got him used to working lots of homework problems, staying up late, and in general
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“made him tougher.” I then asked him if there was material in his College Algebra
class that he had found particularly helpful and he said, “Well there was a lot of
material covered. We learned a lot of things, so, I’m not exactly sure what I learned.
A lot of number crunching, that’s what, I did too. Because in Core-Plus you could
use your calculator and it would be ok, but for this class you have to learn about the
exponents and stuff like that.” So while Ted thought that the College Algebra had
been helpful to him, he was not able to identify specifics about the mathematics that
had been helpful.
Students’ Final Reflections on Their Preparation
Each preceding section has separately considered a different portion of the
transition to college mathematics for these six students. In an effort to get the
students to reflect holistically on their experiences, I asked them to evaluate their
overall preparation and to indicate if they would recommend CPMP mathematics to
other students. Ted and Randy said they would not recommend CPMP; Rita and
Sally said yes; and Cathy and Ann were not sure.
Ted said,
I would not recommend it. I don’t think it gives you enough skills, really
intellectual ones. It doesn’t really test your mind at all. You can get by real
easily by just doing the homework. You don’t have to apply yourself. I know
that I didn’t do much work, IS minutes, or so. You can do it in 10 minutes
before you go to class.
The fact that Ted thought he could adequately prepare for his high school
mathematics class with this little time may be a reflection of the manner in which his
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mathematics class was run rather than a reflection of the curriculum itself. The
curriculum itself has material that requires more time than Ted indicated he spent.
Never the less, this response reflects several of Ted’s beliefs. First of all he believes
that facts, formulas, and algorithms are very important in mathematics. He further
believes that hard work is the best way to learn. His other big concern about having
used the CPMP curriculum was that he didn’t take Calculus in high school and could
not go directly into Calculus 2. Ted’s not taking Calculus in high school probably
had more to do with his being in a very small school (limited number of course
offerings and one track for all students) than it did with his learning mathematics
using the CPMP curriculum. He finished our conversation with the following
statement, “I guess I don’t have very many complaints. I’m going into Calc 2 here in
college. So I guess I could just see myself being one semester ahead of where I am
now.”
Randy's reason for not recommending CPMP was that he thought it might
make the transition to college harder for some students and that he didn’t get through
calculus in high school. He said,
In terms of going to college, what you learned in the traditional math track is
better geared towards how they teach in college. The way they teach
integrated, if you are not understanding it, and getting it there, it’s a lot harder
to come to college and do it. It’s taught differently.
He then added,
I think I learned what I needed to learn. I think that most people that don’t do
well in integrated wouldn’t do well in the other track either. So I don’t think
it was all that bad, really. I learned a lot more than I thought I learned. I’d
still have rather been in the other one. I wish I could have gotten through
precalc and calc in high school.
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However, Randy had not taken an algebra class in eighth grade and so it is unclear
whether or not he would have taken calculus in high school had he been in the
traditional math track. In the end, Randy was not unhappy with his preparation but
still held some belief that the traditional track would have been better for him. He
was not able to really be specific about why he felt that way.
Cathy and Ann were not sure about whether or not they would recommend
CPMP to other students. They both knew that the reasoning and problem solving
skills that they learned in CPMP were very valuable to them but they weren’t sure
that those skills were the most important for college and so what they really wanted
was a combination of both CPMP mathematics and a traditional curriculum.
Cathy: I wish there was something in between. Because like they’re (kids in
CPMP) getting like how to think about it in a good way. I think in Core-Plus
you learn how to think about things. In the other courses, I think they are
more, I don’t want to say mathematical knowledge because that’s too general,
but you are learning more like concrete problems like tons of different kinds
of algebra problems, geometry, more than I think we did in Core-Plus. I just
wish I had gotten a stronger foundation through the other path of mathematics,
but kept the same way of thinking from CPMP. It just seems like, I don’t
think one is more important, but I just think like in terms of what people
expect you to be able to apply is more of the other path, that’s just what I’ve
come across so far.
Cathy somehow wanted a curriculum in which she learned both the thinking that was
in CPMP and the algebraic skills that she felt she had not fully developed. She was
clear that she didn’t want to give up one for the other but wasn’t sure how one could
do both because there might just be too much material.
Ann also felt like she learned to think in CPMP but she also said that she
didn’t have to worry about the skills because she had taken skill oriented summer
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courses in AJgebra and Geometry. She really thought that students need both the
skills to get a good grade in college and the thinking just because it was important.
She wanted good grades and thought her summer courses were important because
they gave her the necessary skills. When I asked her what about CPMP was
important she said, “Like the whole process of learning math. I don’t know how to
explain it, but like the way I was able to go step-by-step in learning something.”
Whether Ann would recommend CPMP seemed to depend on what your goals were:
If you wanted good grades in college, take the traditional; If you want to really
understand mathematics, take CPMP.
Rita and Sally had no reservations about recommending CPMP to other
students. Rita felt that the focus on sense making and understanding that she
developed during high school was extremely valuable to her.
Rita: I would tell them to stick with Core-Plus. I would say that Core-Plus
had helped me a lot. Just with being able to explain. Like Core-Plus is all
about the student understanding the concept. Whereas in calculus it’s not
about that. What I mean to say is in Calculus they expect you to understand
without making you understand. In Core-Plus the teacher makes sure you
understand. And I think that Core-Plus has helped me a lot in the sense of like
I can, not only can I look at a problem and understand, or look at a concept,
for example not only do I understand, like what I am doing, I understand why
I’m doing that specific thing.
Sally on the other hand was not able to talk about the mathematics that she
learned in high school. She said that she would recommend CPMP because she really
liked her math classes. She liked working in groups and felt as though she had
learned what she needed to know. She most wanted to tell students in CPMP that
they wouldn’t “always get to use notes and their book on everything, so just have
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good study skills and don’t get behind in your work.” Sally’s recommendation seems
to fit her very well. She wants to enjoy life and doesn’t want to work too hard. The
social part of the CPMP classroom appealed to her and since she had done well in
college she was pleased with her high school mathematics experiences.
Summary
The case studies reported in Chapters V and VI allow for an initial look at the
transition from the CPMP mathematics curriculum to college mathematics. They also
provide the opportunity to begin to identify issues that might arise. The six
participants were enrolled in Calculus or Precalculus. Based upon their reports and
my observations, none of them had any real problems making the transition from
CPMP to college mathematics. There were small adjustments that the students all
had to make but they were aware of what they had to do and made the necessary
adjustments without difficulty. The only concern voiced by several students was the
need for more algebraic skills. This came out in our conversations about what they
thought would help make the transition easier for future students. The biggest
potential for a transition problem was in the Calculus class at Northern University.
However, because Ted’s conceptions about mathematics were similar to those that
were present in the course, he did not have difficulty with the transition. There were
no major transition issues that either the students or I identified at any time during the
semester.
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CHAPTER VH
SUMMARY AND CONCLUSION
The purpose of this study was to investigate conceptions about the nature of
mathematics and mathematical activity held by students who studied Standards-based
mathematics in high school using the Core-Plus Mathematics Project (CPMP)
curriculum and how those conceptions influenced the students’ experiences in their
first semester of college mathematics. The first chapter provided a brief history of
and motivation for the development of reform high school curricula. It then explored
both why it is important to consider students’ conceptions of mathematics and ways
in which using a reform mathematics curriculum might influence the conceptions of
mathematics held by students. The second chapter provided a review of related
research, including research on conceptions of mathematics held by high school and
college students and how different learning environments can contribute to the
development of student conceptions that will support their development of a robust
understanding of mathematics. Chapter m described the research design and
methodology. The results of the analysis of students’ conceptions of mathematics
upon graduation from high school were presented in Chapter IV as was the stability
of those conceptions. Chapter V provided case-study analyses of six students with a
particular focus on their conceptions about mathematics and its learning as they
progressed through the first semester of college mathematics. More general issues
239
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related to the transition from a Standards-based reform high school mathematics
program into and through the first semester of college mathematics were discussed in
Chapter VI. This final chapter will examine the research questions posed in the first
chapter in light of the quantitative and qualitative analyses presented in Chapters IV
through VI.
Summary
The participants in the research study were students who had completed four
years of high school mathematics using the Core-Plus Mathematics Project
curriculum. They were students at eight schools from across the United States. All
of the schools participated in the field-testing of the CPMP curriculum. Near the end
of their senior year of high school, the students were asked, either by the researcher or
by their classroom teacher, to complete the Conceptions of Mathematics Inventory
(CMI) developed by Grouws, Howald, and Colangelo (1996). The CMI assessed the
students’ conceptions regarding the composition of mathematical knowledge; the
structure of mathematical knowledge; the status of mathematical knowledge; what is
involved in doing mathematics; how mathematical knowledge is validated; what one
does to learn mathematics; and the usefulness of mathematics. There were 2S6
students who completed the CMI in May of their senior year of high school. After
completing the first semester of college, the 256 students were mailed a second copy
of the CMI and asked to complete and return it. Any student not taking a
mathematics course during the first semester of college was asked to indicate that and
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to return the CMI without completing it. Those students who had not returned the
CMI by the middle of February were mailed another copy. There were 132 surveys
returned; 92 of those 132 students had taken a college mathematics course and had
adequately completed the CMI at both times. These 92 students constituted the
sample for the research on the stability of student conceptions. The stability of the
conceptions in each dimension, as indicated by the CMI, was analyzed using a twotailed paired t-test.
In addition to the analysis of student conceptions described above, the
conceptions of six students were profiled as they progressed through the first semester
of college mathematics. Volunteers were solicited for participation in the case study
part of the research. Classroom teachers were then asked to recommend students
from among those who volunteered for case-study analysis. The criteria they were
asked to use were the ability to communicate, the overall responsibility level of the
student, and the likelihood of the student placing into precalculus or calculus. The six
students chosen for the case studies graduated from five different high schools and
attended one of two major midwestem universities referred to as Southern University
and Northern University. Three of the students attended Southern University and
enrolled in Calculus 1. The other three attended Northern University, where two
enrolled in Precalculus and one enrolled in Calculus 1. Each case-study participant
completed two interviews and three problem-solving sessions with the researcher.
The interviews occurred before the start of college and afier the first semester of
college was completed. The purpose of the initial interview was to give the student
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an opportunity to describe and to reflect on his or her pre-college experiences in
mathematics in general and to gather initial information about each student’s
conceptions of mathematics. The final interview allowed the student to reflect on the
semester and on any changes in conceptions that might have occurred. The three
problem-solving interviews occurred at the end of September, the end of October, and
the end of November. They allowed the researcher to have regular contact with each
student throughout the semester and to gain insight into how each student’s
conceptions might be guiding his or her actions in mathematical situations. These
interviews and problem-solving sessions were then coded, using a researcherdesigned rubric, to identify what conceptions seemed to be held by each student. The
interviews were also used to describe in general how students navigated the transition
from a reform high school mathematics curriculum through the first semester of
college mathematics. These interviews were augmented by classroom observations in
which the instructor’s expectations of the students in the class, the ways in which
class time was utilized, and the discourse of both the instructor and the students were
recorded and analyzed for each course in which a case study participant was enrolled.
Each instructor also completed the CMI and participated in an hour-long interview
with the researcher.
This study was conducted to answer the following three research questions as
posed in Chapter I:
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1.

What conceptions about learning, knowing, and doing mathematics are

held by students who have studied four years of mathematics using a Standards-based
reform curriculum developed by the Core-Plus Mathematics Project?
2. How do those conceptions change as time passes and students are exposed
to different mathematical learning environments in their first semester of college
mathematics?
3. How do the conceptions and experiences of students who studied four
years of high school mathematics using a Standards-based curriculum developed by
the Core-Plus Mathematics Project impact their college mathematics experiences?
In the following sections each research question and appropriate results from
the CMI and case study analysis will be discussed.
Question 1: Student Conceptions of Mathematics in a Reform Curriculum
The first research question was: What conceptions about learning, knowing,
and doing mathematics are held by students who have studied four years of
mathematics using a Standards-based reform curriculum developed by the Core-Plus
Mathematics Project? The CMI results for the group o f256 participants provided
information for answering this question. In addition, where possible the results from
this group of students will be compared to the conceptions of two groups of ninthgrade students as reported in Grouws, Howald, and Colangelo (1996).
The CMI results for the Composition of Mathematical Knowledge dimension
indicated that students held beliefs near the middle but slightly more toward the
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positive pole; that is they indicated that concepts, principles and generalizations were
slightly more important than facts, formulas, and algorithms. The mean and median
ratings in this dimension were closer to the middle of the continuum than those of any
other dimension. There were very few strong conceptions, in either direction, in this
dimension. Approximately 30% of the students had ratings that indicated that they
believed that facts, rules, and procedures were more important mathematical
knowledge than were principles and generalizations. These results indicate that as a
group these students had conceptions that were somewhere between those of the
algebra students and the mathematically-talented students studied by Grouws and his
colleagues. The overall distribution of scores indicates that students who study four
years of high school mathematics using the CPMP curriculum seem to hold the belief
that the composition of mathematics is fairly balanced between the two poles of this
dimension.
Some of the strongest beliefs measured by the CMI were related to the
connectedness of mathematics. The CMI ratings in the Structure of Mathematical
Knowledge dimension indicated that students did not have doubts about the
coherence of mathematics as a field of study. The minimum score in this dimension
was only slightly below the middle of the continuum and over 95% of the students
had ratings above the middle. After completing four years of the CPMP curriculum
students believed that mathematical topics are connected to each other; that they build
upon each other; and that it is important and valuable to look for relationships
between mathematical topics. The responses to questions in this dimension indicated
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that as a group these students held conceptions much closer to those held by the
mathematically talented students than to the algebra students in the Grouws et al.
study.
Upon completing four years of the CPMP curriculum, students believed that
mathematics is a dynamic field. They indicated that the field of mathematics was
growing and changing and that new mathematics was always being invented. The
initial interviews with the case study participants suggested that the nature of
perceived changes might have been in the way mathematics is taught rather than
changes in the mathematics itself. This is similar to the interpretation that was found
by Grouws and his peers.
Over 95% of the students indicated slight agreement or agreement with the
belief that mathematics should make sense and that they should be able to understand
what they are doing. For these students, mathematics was more than just getting the
correct answers to problems posed by a teacher. They believed that formulas should
make sense and that problem solving requires more than the use of formulas. While
holding conceptions between the two groups of students in the Grouws et al. study, it
appears that these students hold conceptions more like those of the mathematically
talented students than the algebra students.
The CMI ratings in the Validating Ideas in Mathematics dimension indicated
that these students believed that it was important to provide reasoning for their work
and that they could often determine whether or not their answers were correct without
the aid of a teacher or answer key. In this dimension, the results again indicate that
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these students held conceptions somewhere between the two groups of students in the
Grouws et al. study.
The mean and median ratings in the Learning Mathematics dimension were
the second lowest among the seven dimensions and the maximum score was the
lowest. Although students believed that learning mathematics required constructing
knowledge and developing understanding, they also believed that it required some
memorizing. None of the students held strong conceptions, at either end, in this
dimension. They all seemed to believe that a balance between thinking and
memorizing was necessary for learning mathematics. This is in agreement with the
conceptions that Grouws and his colleagues found.
The strongest beliefs were about the usefulness of mathematics. Over 50% of
the participants had ratings over 5, indicating a fairly strong belief that mathematics
would be useful to them in their lives. The ratings in this dimension indicated that
after four years of CPMP over 90% of students believed that mathematics would be
useful to them in their future lives. This is a greater percentage than had been found
in NAEP assessments and in the Grouws et al. study.
Overall, after four years of CPMP, this diverse group of students held
conceptions about the nature of mathematics, and about the doing and learning of
mathematics that would encourage them to construct mathematical meaning for
themselves and, in that process, develop a deep understanding of mathematics. If the
students had internalized the beliefs that were indicated on the initial CMI, then
responses to the CMI should not have changed significantly, irrespective of the
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college mathematics experiences of the students. The second research question
addresses the stability o f the responses to the CMI.
Question 2: The Stability of Student Conceptions
Another area o f interest was the stability of the conceptions as indicated by
the CMI. The following research question was posed in regard to this area: How do
those conceptions change as time passes and students are exposed to different
mathematical learning environments in their first semester of college mathematics?
A comparison of the May and January responses to the CMI provided an initial
answer to this question. The case-study analysis then provided the opportunity for
further insight into the conceptions of mathematics held by six participants and how
those conceptions manifested themselves during the first semester of college
mathematics.
The stability of the CMI results was assessed using a two-tailed paired t-test.
The conceptions were stable in all dimensions except the Composition of
Mathematical Knowledge and the Usefulness of Mathematics. In these two
dimensions the conceptions moved colder to the middle of the continuum but
remained above the middle. The case study analysis provided some insight into the
manner in which students held the conceptions.
All students in the case studies held conceptions that were not far from the
middle in the Composition of Mathematical Knowledge dimension. Five of the six
students’ CMI ratings decreased in this dimension. In the initial interviews, Rita,
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Cathy, Sally, and Ann clearly indicated that concepts and principles were important in
mathematics. Randy and Ted seemed less sure of this and instead indicated that
knowing what to do and how to do it were the most important aspects of mathematics.
This belief was further evidenced by the concerns that Randy and Ted voiced about
not having learned enough skills in their high school mathematics classes. All six
students indicated that mathematics was composed of specific facts and rules, such as
trigonometric identities or differentiation formulas, and the concepts and
generalizations that helped develop them. Throughout the semester, all of the
participants indicated that they needed to know the facts, formulas, and algorithms
that were a part of the course they were taking. However, they were less convinced
about the need to know the underlying concepts, principles, and generalizations.
Although five of the six talked about needing to understand the concepts that were
behind what they were doing, four of them often could not explain why they were
doing something or why a particular rule or algorithm worked. Rita was the only
participant who clearly and consistently believed and acted on the belief that the
concepts were more important than the facts.
Conceptions about the composition of mathematical knowledge were stable
for four of the students. There seemed to be some change in the conceptions of the
composition of mathematics for Cathy and Sally. They both seemed to become
slightly more focused on finding and using the correct fact or algorithm. But Sally
and Cathy differed in their awareness of and reaction to this change. Cathy was
aware of this change and was not comfortable with it. Sally did not seem to be aware
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that she was working less for conceptual understanding as the semester progressed.
For both students, the change in beliefs seemed to arise from their perception that in
their classes, knowing how to do something was valued more than knowing why they
were doing it.
While the case-study analyses reflect the decrease in the CMI ratings in the
Composition of Mathematical Knowledge dimension, the case studies did not reflect
the change in the Usefulness of Mathematics dimension. All six of the case study
students knew that they would use mathematics in their lives and this did not change
over the course of the semester. However, it is important to remember that four of the
six students were enrolled in engineering curricula and the other two were enrolled in
pre-med curricula. Both are fields where mathematical and scientific knowledge is
valued and used. The entire group of 92 students was probably more diverse than
this. It is not clear from this research why there was a statistically significant
decrease in the beliefs of these students regarding the usefulness of mathematics.
One hypothesis, based on the brief descriptions that students provided about their
college mathematics class, is that the students were enrolled in college mathematics
courses that did not identify ways in which the mathematics they were studying might
be used outside of the classroom. Based upon brief course descriptions provided by
participants who returned the CMI in January, it seems to be the case that few, if any,
of them were enrolled in courses where mathematics was developed out of
contextualized situations.
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While the students’ CMI ratings did not indicate a statistically significant
change in the other five dimensions, some interesting changes occurred in the
conceptions of the case study participants with regards to the Doing, Learning, and
Validating dimensions. The manner in which Cathy went about doing and learning
mathematics changed some as the semester progressed. At the beginning of the
semester, she worked for understanding and thought that the mathematics should
make sense. Near the middle of the semester, she consciously decided to work less
for understanding and instead made sure that she could do the problems. Although,
she was not happy with this and really did not think it was the best way to go about
learning mathematics, she felt that it was what she needed to do in order to be
successful in the class. Because of her discomfort with this strategy, it is unclear
whether or not her conceptions of what was important changed or if her modified
approach was a reaction to what she saw happening around her.
There were also changes in the students’ abilities to validate their own
mathematical thinking. At the beginning of the semester, all students except Ted had
ways to check their own work and believed that it was important to do so. Often they
would find solutions using two different methods and verify that the solutions were
the same. However, as the semester progressed, four of the students became less able
and less willing to validate their own work. They were also much more likely to say
that the only way that they knew whether or not a problem was correct was if the
teacher or book told them it was. One possible reason for this change could be that
because the students were increasingly focused on getting correct answers, they were
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developing less robust understandings of the mathematics that they were doing. As a
result of this decreased understanding, their ability to work problems in more than
one way was less than it had been upon graduation from high school. Another
possibility is the increasing difficulty of the subject matter as the semester progressed.
The most obvious change occurred in Ted’s conception about what is
important to do when learning mathematics. He indicated that during high school he
was able to understand what he was doing and why he was doing it and, furthermore,
he felt that this understanding was important. However, by the end of the first
semester of Calculus, Ted said that memorization was more important than
understanding. He believed that as long as he could correctly solve problems, he was
learning and doing the necessary mathematics. He depended on examples to show
him what to do and then did lots of problems to be sure that he could do them. What
he did to learn mathematics moved toward memorizing facts and repeating algorithms
until he consistently got correct answers and away from constructing understanding
of the mathematics.
In the above two sections, the general conceptions of the participants have
been identified and the stability of those conceptions has been assessed. The
remaining research question relates to how the conceptions of the participants in this
study impacted each participant’s transition to college mathematics.
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Question 3: The Transition to College Mathematics
A person’s conceptions of mathematics and learning and doing mathematics
influence how he or she acts in mathematical situations (McLeod, 1992; Oaks, 1987;
Schoenfeld, 1985). The third research question was designed to look at the manner in
which the conceptions of the six case study students impacted their transition to
college mathematics. The question was stated as: How do the conceptions and
experiences of students who studied four years of high school mathematics using a
Standards-based curriculum developed by the Core-Plus Mathematics Project impact
their college mathematics experiences? Although the case study-analysis provided
the data that was necessary to answer this question for six specific individuals, the
experiences of these sue students cannot to be generalized to all students completing
the four-year Core-Plus Mathematics curriculum. Rather, their stories allow us some
initial insight into what issues might arise and what might go smoothly for students
with similar backgrounds. These observations can then be further researched to
determine whether or not they represent more widely spread phenomena.
The transition to college mathematics went smoothly for all of the case study
participants. Three of the students were in reformed college mathematics
environments and three of them were in traditional college mathematics
environments. They all indicated that it was necessary for them to study more and to
do more independent work in college than they had done in high school. They all
further indicated that this need to work harder was probably not due to their high
school mathematics preparation but rather to general differences between high school
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and college. These differences included decreased class time, decreased availability
of the instructor, and increased responsibility placed on the student. The conception
that mathematics should make sense and that it is important for the student to work to
construct understanding of the mathematics helped make this part of the transition
easier for the participants. These students were accustomed to working to make sense
out of the mathematics and continued to do so in college. It was just more obvious to
them that they needed to do so in college than it had been in high school. This does
not mean that they all thought this was the best way for them to learn mathematics but
they were all capable of doing so.
For three of the students, the manner in which technology was integrated into
the curriculum was different in college than in high school. In Ted’s class, calculator
use was not allowed. This did not bother Ted at all and no issues arose related to this
policy. In the Precalculus class that Randy and Sally took, calculators were used but
were not fully integrated into the class. Students were most always expected to be
able to find solutions symbolically. This difference caused difficulty only for Sally.
She did not understand why she had to know the symbolic methods for solving
equations when she knew dependable methods that relied on the use of her calculator.
Although she never understood the need for both, she did learn the symbolic methods
because it what was expected of her.
The other issue related to students’ conceptions about mathematics, doing and
learning mathematics and the transition to college mathematics arose in the case of
Cathy. In the middle of the semester, she felt as though the course was moving too
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fast. For survival she decided to just learn the facts and procedures that were a part of
the course. While she was able to make this change, she did not like moving to an
approach that was not centered on making sense and finding meaning. However, she
felt as though she did not have any choice.
Conclusions
The participants in the broad-based survey of conceptions study held
conceptions that were slightly different than those found in previous studies about the
general conceptions of mathematics held by students. The students were more likely
than those completing the NAEP tests (Carpenter, Corbitt, Kepner, Lindquist, &
Reys, 1980; Carpenter, Lindquist, Matthews, & Silver, 1983; Dossey, Mullis,
Lindquist, & Chambers, 1988; Kenney & Silver, 1997), and than those in the Stage
and Kloosterman study (1991), to indicate that all problems could not be solved by
following rules or steps. Similar to the NAEP results, these students thought
mathematics was useful. The data also indicated that these students held beliefs
somewhere between the beliefs of the algebra students and the mathematically
talented students in the research reported by Grouws, Howald, and Colangelo (1996).
When considering this comparison to the Grouws et al. data, it is important to note
that very few, if any, students in this study would have been considered
mathematically talented. This is the case because students taking Calculus in high
school were not included in the original survey sample. The results of this research
are significant because if beliefs impact overall performance, it may be better to have
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beliefs that are similar to those students who have previously been identified as
mathematically talented. Unlike the students in Hirschhom’s study (1993), the
CPMP curriculum seemed to have impacted student conceptions about mathematics
and about doing and learning mathematics. The further evidence of the stability of
the results of the CMI indicated that the students’ answers to the CMI were more
likely to have been conceptions that the students had internalized and thus were more
likely to guide their actions in mathematical situations.
The case study analysis provides evidence that students who study
mathematics using the NCTM Standards-based CPMP high school mathematics
curriculum can make the transition to college mathematics without difficulty. In fact,
the beliefs that they develop during high school about the importance of
communication and the value of reasoning and justifying makes part of the transition
go quite smoothly for them. They are accustomed to working through problems on
their own and so when they confront the need to learn mathematics without the
teacher having already explained it to them, they are able to do so. They also are able
to explain their thinking to their peers and instructors. This supports the research
findings (Boaler, 1998; Lampert, 1987; Lampert, 1990; Schoen, Hirsch, & Ziebarth,
1998; Silver & Stein, 1996) that students who learn mathematics in active, sensemaking ways tend to be better able to think mathematically and will try to make sense
out o f new situations.
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Suggestions for Future Research
This study provides an initial assessment of the conceptions held by students
who have completed four years of high school mathematics using a reform
curriculum and how those conceptions impact a student’s college mathematics
experiences. Further research is needed to more deeply understand the complex
relationships that exist among curricula, pedagogy, and the conceptions that students
develop and how those conceptions influence students’ actions in mathematical
situations. The results of this study indicate the following possible directions for
future research:
1. This research did not take into account the precise manner in which the
Core-Plus Mathematics Project curriculum was implemented. Studies that consider
student conceptions developed in several classrooms where there was specific data on
the quality of the implementation of the curriculum would be helpful in determining
the complete impact of the curriculum on student conceptions of mathematics.
2. This research suggests that conceptions in the seven dimensions identified
by the CMI were not independent. The degree to which conceptions in one
dimension are correlated with conceptions in another dimension is not known.
Studies that investigate how conceptions in the different dimensions correlate with
each other would be helpful in building a more comprehensive understanding of
student conceptions of mathematics.
3. Because there is not a comprehensive study of the conceptions of
mathematics held by students upon graduating from high school, it is not possible to
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determine exactly how the conceptions of the students in this study would have
differed from those of students who completed a more traditional curriculum. Studies
that allow for comparison of conceptions between students using different curricula
and/or pedagogy would be helpful in determining the impact of curriculum and/or
pedagogy on student conceptions of the nature of mathematics and mathematical
activity.
4. The conceptions of these students, as reported by the CMI did not change
much over the course of one semester of college mathematics. How stable the CMI
responses would be over a longer period of time is unknown. A. study considering
longer-term stability would be helpful in determining how strongly these students
hold their conceptions.
5. Conceptions of mathematics are not shaped only by what happens in the
mathematics classroom. Studies considering other influences, such as beliefs of
family and/or community members, the higher education community, and the media
would be helpful in further identifying how students could best be encouraged to
develop more helpful conceptions.
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The table below shows results of an independent samples t-test comparing the 92
participants who took a mathematics class during their first semester of college and
returned the survey to the rest of the original participant group. The comparison was
done using the May CMI results.
Results of t-Tests for Self Selection Bias
Dimension

N

Mean

Std. Dev.

t

p-value (2 tailed)

Composition of
mathematical knowledge

164
92

3.8285
3.8940

.5144
.5361

-.963

.336

Structure of mathematical
knowledge

164
92

4.5358
4.6671

.5467
.5388

-1.853

.065

Status o f mathematical
knowledge

164
92

4.3384
4.3356

.6228
.5541

.036

.971

Doing mathematics

164
92

4.5274
4.5666

.5273
.4894

-.585

.559

Validating ideas in
mathematics

164
92

4.1532
4.2649

.5753
.5475

-1.517

.131

Learning mathematics

164
92

4.0854
4.2106

.4975
.5024

-1.926

.055

Usefulness of
mathematics

164
92

4.7858
5.1889

.9758
.6873

-3.503

.001
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Student Interview One
This interview occurred before student began college. It was a semi-structured
interview based upon the following questions. It was intended to illuminate the
student’s responses to the CMI and to provide a description of his or her high school
mathematics experience.
1. Describe a typical day in your last high school mathematics class.
2. Describe yourself as a mathematics student.
3. What do you do when you are studying mathematics?
4. How important do you think memorizing is in learning mathematics?
5. How important do you think understanding is in learning mathematics?
6. What else is important for you to learn mathematics?
7. How do you think calculators or computers should be used in learning and doing
mathematics?
8. What do you do if you get stuck doing a math problem on your homework? On a
test or quiz?
9. How can you know whether you understand something in math? What do you do
to measure (test) yourself?
10. What do you do if you don’t correctly answer a homework problem?
11. What is a reasonable amount of time to work on a problem before you give up? If
you understand the material, how long should it take to solve a typical problem?
12. What is mathematics?
13. Do you think that students can discover mathematics on their own or does most
mathematics have to be shown to them?
14. In what ways, if any, do you think mathematics is changing?
1S. Why are you taking mathematics in college? Will it be useful to you?
16. What do you expect your college mathematics course to be like?
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Student Interview Five
This interview was a semi-structured interview that occurred in January after the
student had completed the first semester of college mathemtics. During this interview
the student was asked to look back at the semester and at what he or she did to try to
learn mathematics over the course of the semester. Additionally, he or she was asked
to compare his or her college mathematics and high school mathematics courses.
Questions also focused on any changes in their responses to the CMI.
1. In what ways, if any, has your view of mathematics changed over the course of
this semester?
2. When you study mathematics, do you do anything differently now than you did at
the beginning of the semester?
3. Think back to something that was difficult for you this semester. What was it and
what did you do to try to figure it out?
4. Describe what a typical day in your math class was like this semester.
5. How did you use your calculator this semester? Did you notice that you used it in
different ways than your classmates?
6. What do you think were the most important things you were supposed to learn
this last semester?
7. How was your math class this last semester similar to your last high school
mathematics class?
8. How was your math class this last semester different from your last high school
mathematics class?
9. Which of your high school classes was your college math class most like?
10. In what ways have your views about learning and doing mathematics changed
over the course of this last semester?
11. If you could give an incoming student advice about this math class, what would
you tell them?
12. If you went back to your high school to talk to the seniors about your experience
this semester, what would you say to them? Is there any advice you would give
them?
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First Problem-Solving session for Calculus at Southern University

1. The table below contains values br three different functions.
X

-2
-1
0
1
2

M )

12
17
20
21
18

*?(*)
16
24
36
54
81

h (x )

37
34
31
28
25

a. Which (if any) of these functions are linear functions? For those functions
which are linear, find the formula.
b. Which (if any) of these functions are exponential functions? For those
functions which are exponential, find the formula.
2. Each planet moves around the sun in an elliptical orbit. The orbital period, T, of a
planet is the time it takes the planet to go once around the sun. The semimajor
axis of each planet’s orbit is the average of the largest and the smallest distances
between the planet and the sun. Johannes Kepler (1571-1630) discovered that the
period o f a planet is proportional to the 2. power of its semimajor axis. What is
2

the orbiting period (in days) of mercury, the closest planet to the sun, with a
semimajor axis of 58 million km? The semimajor axis of the earth is 150 million
km. [Hint: What is the earth’s period?]
3. A culture of bacteria originally numbers 500. After 2 hours there are 1500
bacteria in the culture. Assume the bacteria grows exponentially.
a. Find how many bacteria are present after 6 hours.
b. Find the doubling time for the bacteria.
The depth o f water in a tank oscillates sinusoidally once every 6 hours. If the
smallest depth is 5.5 feet and the largest depth is 8.5 feet, find a formula for the
depth in terms of time, measured in hours.
5. Given the graph ofy = h(x) at the right:
a. Find the value of h(h( 1)).
b. Sketch a graph ofy = h '\x ).
c. Find the zeroes of y = h(x + 3).

(0.3)
m .o )

-4

y = h (i)
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Second Problem-solving Session for Calculus at Southern University

1. If/(* )= x4sin3(2x), find/ (x).
2. The graphs below show the position *(/), velocity v(f) and acceleration a{t) of a
body moving along a coordinate line as functions of /.

a. Which graph is which?
b. Describe the motion of the body.
x
1
—3
3. Are there any points on the graph of y = —- ——- where the slope is — ? If
so, find them.
4. Suppose the total number of people, N, who have contracted a disease by a time t
days after its outbreak is given by
_ 1.000,000
U
1+ 5,000e~o1'
a. In the long run, how many people will have contracted the disease?
b. Explain the meaning of N'(t).
c. Is there any day on which more than half a million people contract the
disease?
5. A radio navigation system used by aircraft gives a cockpit readout of the distance,
s, in miles, between a fixed ground station and the aircraft. The system also gives
a readout of the instantaneous rate of change, dsldt, of this distance in miles/hour.
An aircraft on a straight flight path at a constant altitude of 2 miles has passed
directly over the ground station and is now flying away from it. What is the speed
of this aircraft along its constant flight path when the cockpit readouts are s = 4.6
miles and dsldt = 210 miles/hour?
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Third Problem-solving Session for Calculus at Southern University

1. a.) Explain why the solutions of / '( x ) = 0 indicate possible points where the
function/ has local maxima or minima.
b.) How can you determine if these points are local maxima or local minima?
c.) What does / "(x) < 0 tell you about the graph ofy = f(x) and why is that the
case?
2. Sketch a smooth connected curve y = fix) with
A -2) = 8

/ ' ( 2) = / ' ( - 2 ) = 0

y(0) = 4
/'( x ) < 0 f o r |x |< 2
X2) = 0
/ "(x)< 0 fo rx < 0
f i x ) > 0 for |x| > 2 / " (x) > 0 for x > 0.
3. Consider the function f i x ) = x2+ ^ .
a.) Find the value of a such that/(x) has a local minimum at x = 2.
b.) Describe the effect of changing the parameter a on the graph ofy =j{x).
4. An isosceles triangle has its base parallel to the x-axis, one vertex at the origin and
the other two vertices above the x-axis and on the curve y = 27 - x2. Find the
largest area of such a triangle.
5. Wolverine Tours offers the following rates for trips to Chicago:
i.) $200 per person if SO people (the minimum number needed to book the tour)
go on the tour.
ii.) For each additional person, up to a maximum of 80 people total, everyone’s
charge is reduced by $2.
Suppose it costs $6000 plus $32 per person to conduct the tour. What is the
minimum and maximum profit possible?
Note: Students chose to complete either Problem 4 or Problem 5.
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First Problem-solving Session for Precalculus at Northern University

1. Given

a.)
b.)
c.)
d.)

FindX-2)
Find^x +1)
Find the domain of/(x).
I s /x ) even, odd or neither?

2. Write a slope-intercept equation for a line passing through (3, -2) and
perpendicular to 3jc + 4y = 5.
3. Find the roots, or zeros, off(x) = 3x5 - 12X3. Then without using a grapher, find
the roots of fix - 3) andX2x).
4. True or False: The composition of two even functions is even.
5. Is the product of two imaginary numbers always an imaginary number?
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Second Problem-solving Session for Precalculus at Northern University

1. Solve the following equations for x.
a. 3xU<* = ^ 27
b. log( 8 - 7x) = 3
2. Find an equation of a quadratic function whose graph has (4, -S) as a vertex and
contains the points (2, 9).
3. Express in terms of sums and differences of logs.

lx-32
4. Are / (x) = y ——— and g(x) = 1.4x3 + 3.2 inverses of each other?
5. The population P, in thousands, of Parkerville is given by
500/
l—
v /= T
2/2
+ 9r , where t is time in months,
a. Graph the function over the interval [0, oo).
b. Find the population at t = 0 and t = 3 months.
c. Find the horizontal asymptote and explain its meaning.
d. Is there a maximum population? If so, find it. If not, explain why not.
e. During what time period is the population greater than 30,000?
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Third Problem-solving Session for Precalculus at Northern University

1. Find a positive angle and a negative angle that are coterminal

with ^ .

2. An observer’s eye is 6 feet above the floor. A mural is being viewed. Thebottom
of the mural is at floor level. The observer looks down 13° to see the bottom and
up 17° to see the top. How tall is the mural?
3. Given that \and =-^= and the terminal side is in quadrant QI. Find cose and cscfl.
4. Does 5sinx= 7 have a solution for x? Why or why not?
5. Given sin 41° = a and cos 41° = b. Find expressions involving a and/or b for cos
319°, esc 319°, and cot 319°.
6. Give the domain and range for each function.
a.).y = tanx
b.)y = log(sin x)
7. Show that tan2 x

=- I .
COS X

8. Give an equation for the graph below.
y
6
3

4

8

i
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First Problem-solving Session for Calculus at Northern University

1. Find the average rate of change of g(x) = x 2 over the interval [-1,2].
2. Draw a graph of a function that does not have a limit as x -> 2.
2

x -3x + 2
3. Let f (x) = — -— -— . Find each limit, if possible.
x 3 - Ax
a liin f i x )
x-*2

b. lim f { x )
c. lim f i x )
x —*0

4. Evaluate this limit: lim
*->.♦

|r - l |

.

5. For what value of b is gix) = x, x<-2
bx2, x > - 2
6

continuous at every x.

. Find the slope of y = —— at y = 2.
x —1
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Second Problem-solving Session for Calculus at Northern University

1. If/(x) = x4sin3(2x), findf (x).
2. The graphs below show the position s(t), velocity v(/) and acceleration a(t) of a
body moving along a coordinate line as functions of t.
®®

a. Which graph is which?
b. Describe the motion of the body.
x
1
-3
3. Are there any points on the graph of y = —- ——- where the slope is — ? If
so, find them.
4. Sketch a smooth connected curve >>- f i x ) with
X -2) = 8

/'(2 )= /'(-2 ) = 0

X0) = 4
/'( x ) < 0 for lx| < 2
X2) = 0
/" (x )< 0forx<0
/'( x ) > 0 for |x| > 2 /" ( x ) > 0 for x > 0
S. A radio navigation system used by aircraft gives a cockpit readout of the distance,
s, in miles, between a fixed ground station and the aircraft. The system also gives
a readout of the instantaneous rate of change, dsldt, of this distance in miles/hour.
An aircraft on a straight flight path at a constant altitude of 2 miles has passed
directly over the ground station and is now flying away from it. What is the speed
of this aircraft along its constant flight path when the cockpit readouts are s = 4.6
miles and dsldt = 210 miles/hour?
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Third Problem-solving Session for Calculus at Northern University

1. Use the following information to find the values of a, b, and c in the function rule

i.)
ii.)
iii.)

bx 1 + cx + 2
a, b, and c are either 0 or 1.
The graph ofy - f(x) passes through the point (-1,0).
The liney = 1 is an asymptote of the graph ofy =f[x).

2. A drilling rig 12 miles offshore is to be connected by a pipe to a refinery onshore
and 20 miles down the coast from the rig. If underwater pipe costs $S0,000 per
mile and land-based pipe costs $30,000 per mile, how should the pipeline be built
to give the least expensive connection?
3. Evaluate each of the following integrals.

b.)

J cos3(2 x) sin(2x)cfr

dy
—
4. Solve the initial value problem: — = 4x(x + 8 )3
ax

y(0) = 0

S. Evaluate the following definite integrals.
a.) J ^ ( l + 2|ar|)r&
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Instructor Interview
This interview allowed the instructor to clarify and expand on his responses to the
Conceptions of Mathematics Inventory. It also helped connect those responses to the
instructor’s ideas about teaching and learning mathematics. Thissemi-structured
interview took place in the middle of the semester.
1. Describe a typical day in your classroom. What are students doing during the
class time?
2. How do you know if a student understands what you are teaching?
3. Describe a typical homework assignment. How long should it take a student who
has a fair understanding of the material to complete it?
4. What types of questions do you assign for homework? Put on quizzes and tests?
5. Do you expect students to ail do the problems that same way?
6. What do students need to do to be successful in your class?
7. How important is memorizing to being successful in your class? What types of
things do you expect students to have memorized? Do they get to use notes on
tests or quizzes?
8. How do you think that calculators or computers should be used in learning and
doing mathematics? How are they used in your class?
9. Describe your overall grading system.
10. What are the most important things that you want your students to know or be
able to do at the end of the semester?
11. Do you think that students can discover mathematics on their own or does most
math have to be shown to them?
12. What mathematics, if any, should all students be required to take during college?
13. You indicated on your CMI that mathematics is(n’t) changing, can you elaborate
on that?
14. Is there anything else that you would like to tell me about your views on the
teaching and learning of mathematics and the class we have been discussing?
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Classroom Observation Protocol
Course:_______________
Instructor:_____________

Date: _____
Lesson Topic:

During and subsequent to classroom observation the following will be recorded.
A:

Regarding classroom activities
A chronological list of activities will be recorded during class observation
from which a one to two page summary will be created that describes the
instructional events, including a description of the math content, teacher
behaviors, and student behaviors.

B:

Regarding the mathematical tasks
Do the tasks seem to focus on procedural steps, on habits of mind, or
something else?
When new material is presented, is the rule presented before the example
or the example before the rule?
How often do students work on mathematical tasks during class?
When students work on mathematical tasks in class do they work alone or
together?
Are problems worked on in class primarily skill development, application,
or concept development?

C:

Regarding the classroom discourse
What is the nature of instructor discourse? (responding to questions,
introducing new material or something else)
What is the nature of student discourse? (seeking clarification, proposing
an idea or method, providing a solution or something else)
Does the instructor or the student initiate the student participation?
Who answers students’ questions?
Who determines if a solution is correct?
Are answers to problems enough or is justification required?
How is technology used in the class?
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Statements and Actions That Indicate a Student’s Conceptions of Mathematics
Composition of mathematical knowledge
Knowledge as concepts, principles and generalizations
When discussing mathematics students will focus on big ideas rather than
individual facts.
Students exhibit the use of general principles (e.g. graph transformations)
when reasoning about specific problems.
Ideas are the important part of mathematics. They are reflected in formulas.
Students know the formula and can explain the idea behind it.
Know how to compute and knowing the formulas is not enough.
It is important to know what to use, when to use it and why.
Students acknowledge that there are problems that can’t be solved by
following general rules and steps.

Knowledge asfacts, formulas and algorithms
When discussing mathematics students will focus on individual facts rather
than the big ideas.
Student makes statements like if I only knew the rule for this.
Knowing the correct symbols to use is more important than knowing what
they mean.
Students will use symbols but not really be able to explain why they are using
it or what it means.
Being able to use the formulas is enough to pass math.
Skills are the important part of mathematics.
Every problem can be solved by finding the right rule.
Problems are solved using examples (text or instructor) as templates.

Structure of mathematical knowledge
Mathematics as a coherent system
Students recognize and expect mathematical ideas to be connected and to
build upon each other.
Students see different branches of mathematics as somehow connected rather
than isolated.
Students can identify how a concept is reflected in a variety of situations.
Mathematics is about relationships among things.
What I learn in this class is important for me in the next class.
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Mathematics as a collection o f isolatedfacts
Students don’t look for connections between new material and what they have
previously learned.
Students see each new idea to be unrelated to what they already know.
Each type of mathematics problem is unique. Students need to have worked a
similar problem in order to think they can solve it.

Status o f mathematical knowledge
Mathematics as a dynamicfield
Students acknowledge that mathematics develops and changes over time.
Student is aware of new branches of mathematics.
Learning new mathematics sometimes changes the way you think about other
mathematics.

Mathematics as a static field
Students believe that mathematics is the same now as it was many years ago.
Once you know something you never need to revisit or change what you
know.
New mathematics is seldom discovered.
Student can’t discover something new.

Doing mathematics
Mathematics as sense-making
Mathematics should make sense. Student should be able to understand it
New problems can be solved using what they already know.
Student needs to understand what the teacher says.
Student wants to know why a certain answer is correct.

Mathematics as results
Student is satisfied with getting the correct answer even if they aren’t sure
why it is correct or why they did what they did.
There is no point working for a long time on something, you either know it or
you don’t.
If I can use the formula then I understand it.
If I know all the formulas then I can solve all the problems.
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Validating ideas in mathematics
Logical thought
Students need to be able to justify their statements to be good at mathematics.
I can convince myself of the truth of a mathematical statement and it is
important to do this rather than just take someone else’s word.
I (and my friends) can reason to determine whose answer is correct.
My method can be correct even if it differs from the teacher’s.
Students frequently explain that what they are doing follows because ....
Outside authority
I ask the teacher or look in the back of the book to see if my answer is correct.
Something is definitely true if the teacher of book says it.
I only know my answer is wrong if the book or teacher tells me it is.
The teacher always knows the answer.
Learning mathematics
Learning as constructing and understanding
Memorizing is not that important.
It is important to know why and what mistakes you make when trying to learn
new mathematics.
It is important to ask questions when you don’t understand something.
It is important to connect new things to what I already know.
Thinking is more important than memorizing.

Learning as memorizing intact knowledge
Student relies on list of steps to solve problems.
All I have to do is memorize what the teacher tells us.
Students shouldn’t ask questions because it means they weren’t listening.
I have to see examples in order to be able to learn mathematics.

Usefulness of mathematics
Mathematics as a useful endeavor
Student sees mathematics as something they will use in their work or other
studies.
Taking math is worth the time and money.
Student thinks he/she will use math in his/her daily life.

Mathematics as a school subject with little value in everyday life orfuture work
Student thinks that he/she will never use math.
Student sees studying math as a waste of time.
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Scatterplots of May and January CMI Ratings for All Dimensions (n = 92)
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Learning Mathematics

Validating Ideas in Mathematics
7

January Averages

6
5
4
3
2

1
0

0

0

1

2

3

4

5

6

7

0

i

:

•i

1

2

3

;

:i-----------------------

4

5

May Averages

May Averages

Usefulness of Mathematics
7

January Averages

6

3

••
2

1
0
0

1

2

3

4

5

6

7

May Averages

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

6

7

Appendix H
Protocol Clearance From the Human Subjects
Institutional Review Board

284

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

285

'

Human Subjects Institutional Revfew Board

^

> f\\<

|

M a n ara o . MWiigai 49006-3899

W e s t e r n M ic h ig a n U n iv e r s it y

Date: 4 May 1998
To:

Christian Hirsch, Principal Investigator
Rebecca Walker, Student Investigator

From: Richard Wright, Chair
Re:

HSIRB Project Number 98-03-21

This letter will serve as confirmation that your research project entitled “Student
Conceptions of Mathematics and the Transition from the Core-Plus Mathematics
Project Curriculum to College Mathematics” has been approved under the
expedited category of review by the Human Subjects Institutional Review Board.
The conditions and duration of this approval are specified in the Policies of
Western Michigan University. You may now begin to implement the research as
described in the application.
Please note that you may only conduct this research exactly in the form it was
approved. You must seek specific board approval for any changes in this project.
You must also seek reapproval if the project extends beyond the termination date
noted below. In addition if there are any unanticipated adverse reactions or
unanticipated events associated with the conduct of this research, you should
immediately suspend the project and contact the Chair of the HSIRB for
consultation.
The Board wishes you success in the pursuit of your research goals.
Approval Termination:

4 May 1999
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